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Kerr-cat qubits are bosonic qubits offering autonomous bit-flip protection, traditionally studied using
driven superconducting nonlinear asymmetric inductive element (SNAIL) oscillators. Here, we theoreti-
cally explore an alternative circuit for Kerr-cat qubits based on symmetrically threaded superconducting
quantum interference devices (SQUIDs). The symmetrically threaded SQUID (STS) architecture employs
a simplified flux-pumped design that suppresses two-photon dissipation, a dominant loss mechanism in
high-Kerr regimes, by engineering the drive Hamiltonian’s flux operator to generate only even-order har-
monics. By fulfilling two critical criteria for practical Kerr-cat qubit operation, the STS emerges as an
ideal platform: (1) a static Hamiltonian with diluted Kerr nonlinearity (achieved via the STS’s middle
branch) and (2) a drive Hamiltonian restricted to even harmonics, which ensures robust two-photon driv-
ing with reduced dissipation. For weak Kerr nonlinearity, we find that the coherent state lifetime (75 ) is
similar between STS and SNAIL circuits. However, STS Kerr-cat qubits exhibit enhanced resistance to
higher-order photon dissipation, enabling significantly extended 7, even with stronger Kerr nonlinearities
(approximately 10 MHz). In contrast to SNAIL, STS Kerr-cat qubits display a T;, dip under weak two-
photon driving for a high Kerr coefficient. We demonstrate that this dip can be suppressed by applying
drive-dependent detuning, enabling Kerr-cat qubit operation with only eight Josephson junctions (of ener-
gies 80 GHz); fewer junctions suffice for higher junction energies. We further validate the robustness of
the STS design by studying the impact of strong flux driving and asymmetric Josephson junctions on Ty,.
With the proposed design and considering a cat size of ten photons, we predict 7, of the order of tens of
milliseconds, even in the presence of multiphoton heating and dephasing effects. The robustness of the
STS Kerr-cat qubit makes it a promising component for fault-tolerant quantum processors.
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L. INTRODUCTION

Creating artificial atoms using superconducting circuits
is one of the most promising approaches to developing
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qubits for fault-tolerant quantum computation [1-5]. How-
ever, many of the superconducting qubit architectures
suffer from low coherence time, limiting the gates and
readout fidelities [2—10]. Here we investigate a noise-
biased Kerr-cat qubit [4,11-30], which has a long coher-
ence time, observed close to a millisecond experimentally
[14-16,30]. The static effective Hamiltonian describing a
Kerr nonlinear oscillator subject to a two-photon drive
(commonly referred to as a squeeze drive) consists of a
double well in the phase-space representation. The tunnel-
ing between the two wells destructively interferes under
certain conditions and gives rise to noise-biased qubits,
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FIG. 1. (a) STS design for Kerr-cat qubit. The junctions J;
and J3 compose the “SQUID branch” whereas the junction J,
gives the “transmon branch.” The loop between J; and J, is
threaded by an external flux ¢, whereas the loop between J,
and J3 is threaded by an external flux ¢,. We consider ¢, =
¢ = —1/2 + 8¢ cos(wqt). Cr is the shunt capacitor associated
with the transmon branch. (b) Bloch-sphere representation of the
Kerr-cat qubit states.

which are strongly protected against bit-flip channels [31]
[see Fig. 1(b)]. The static effective Hamiltonian, which
governs the dynamics, obtained using fast time-periodic
driving, cannot be obtained using a static Hamiltonian.
One can make a direct analogy to the case of a driven
classical oscillator, namely the Kapitza pendulum, where
the oscillator can be dynamically stabilized in an otherwise
unstable point [32].

There are two main approaches to obtaining a cat qubit:
(1) a quantum harmonic oscillator in the presence of engi-
neered two-photon driven dissipation [19,33—40] and (2)
two-photon driving of a Kerr nonlinear oscillator with a
finite but small Kerr coefficient [4,11,12,14—-16]. The sec-
ond approach, i.e., a Kerr-cat qubit, allows for simpler
high-fidelity nondemolition readout and faster gate oper-
ations. Kerr-cat qubits have been extensively studied, both
theoretically [11,15,21,22,41—43] and experimentally [4,
14,16,30], in a setup based on a superconducting nonlinear
asymmetric inductive element (SNAIL) oscillator, which
consists of a loop of multiple large Josephson junctions
and a smaller Josephson junction, threaded by a dc mag-
netic flux. In this article, we present an alternative design
based on symmetrically threaded superconducting quan-
tum interference devices (SQUIDs), as shown in Fig. 1(a).

The flux-driven symmetrically threaded SQUID (STS)
design differs fundamentally from the charge-driven
SNAIL architecture [4,14] in two critical ways. First, the
STS exhibits a drive-dependent detuning term in its static
effective Hamiltonian [44], a feature absent in the SNAIL.
Second, the STS distinguishes between even and odd
harmonics by coupling them to different orders of the zero-
point phase spread (¢zps), determined by the symmetry
of the SQUID junctions: even harmonics arise from sym-
metric junction parameters, while odd harmonics originate
from asymmetries. Crucially, we find that the dominant
multiphoton heating effects, known to degrade the coher-
ence time 7, in SNAILs at large Kerr coefficients, scale
with junction asymmetry in the STS. By optimizing junc-
tion symmetry, these heating processes can be suppressed,
enabling robust 7, even in the high-Kerr regime. Addition-
ally, the STS design enables two-photon driving at second
order in ¢zps, whereas the SNAIL requires third-order
terms in nonlinearity for the same effect. This lower-order
coupling results in enhanced two-photon driving strength
for a similar modulation of the two designs. We demon-
strate that the STS preserves the Kerr-cat energy spectrum
and resists multiphoton heating even with Kerr coeffi-
cients exceeding 10 MHz. These properties allow STS-
based Kerr-cat qubits to achieve faster quantum gates and
high-fidelity readout without sacrificing coherence, offer-
ing a scalable pathway toward high-performance quantum
operations.

Heating effects caused by single- and multiphoton exci-
tations in qubits significantly degrade their coherence and
operational lifetime. These effects persist even at zero tem-
perature in strongly driven quantum systems, as demon-
strated in Ref. [22]. A promising strategy to suppress such
decoherence lies in leveraging the degenerate energy spec-
trum of the Kerr-cat Hamiltonian. This work explores two
complementary approaches to amplify spectral degeneracy
in the superconducting STS Kerr-cat qubit, thereby miti-
gating heating-induced losses. The first approach involves
enhancing the two-photon drive strength, a method exten-
sively studied in Refs. [14—16]. While a stronger two-
photon drive enhances noise bias (leading to longer bit-flip
lifetimes), it typically comes at the expense of a reduced
phase-flip lifetime. The second approach, which over-
comes this trade-off, involves tuning the system’s detun-
ing to match non-negative even integer multiples of the
Kerr nonlinearity, as discussed in Refs. [14-16,30]. In
Ref. [30], it was shown that such detuning increases the bit-
flip lifetime without compromising the phase-flip lifetime.
Moreover, we find that combining both strategies, simul-
taneously increasing the two-photon drive and applying
detuning, further enhances the noise bias by accelerating
the growth of spectral degeneracies.

In the following section, we introduce the theoreti-
cal model for the Kerr-cat Hamiltonian. Building on this
framework, Sec. I A investigates an alternative circuit
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based on driven STS for the Kerr-cat qubit, followed by
a derivation of its static effective Hamiltonian. In Sec. I1 C,
we compare the performance of the STS design with the
single SQUID design, establishing the STS as a better can-
didate for Kerr-cat qubit implementation in flux-pumped
superconducting circuit platform. In Sec. 111, we investi-
gate the static effective master equation up to the leading
order in system-environment coupling and fourth order in
zero-point phase spread, with a discussion on the effects
of asymmetry in the Josephson junction. Leveraging the
derived master equations, in Secs. III A and III B, we study
T, of the STS Kerr-cat qubit as a function of two-photon
drive strength and detuning. Under zero detuning, adi-
abatic ramping of the two-photon drive causes the first
two Fock states to converge to catlike superpositions, a
behavior that breaks down for detuned systems. Section IV
investigates initialization protocols tailored for detuned
Kerr-cat qubits to address this limitation. Finally, Sec. V
summarizes our key findings and conclusions.

II. KERR-CAT HAMILTONIAN

We analyze two distinct implementations of Kerr-
cat qubits: the detuned and resonant configurations. The
detuned Kerr-cat qubit is governed by the Hamiltonian
[11,12,45,46]

Hpke = AdTa + (0™ + 8% — Kaa?, (1)

where A is the detuning term, X is the Kerr nonlinearity
and €; is the two-photon drive strength that excites and
annihilates photons in pairs. The two-photon drive, typi-
cally realized in SNAIL oscillators via a charge drive at
twice the oscillator frequency [4,14—16], excites and anni-
hilates photon pairs. For A = 0, the system reduces to the
resonant Kerr-cat qubit described by

I:]RKC = EQ(EZJr2 + &2) — Kaa?. 2)

The coherent states | + ) with @ = /€,/K are the eigen-
states of Hrxc. The cat states are the even and odd parity
states formed by the superposition of coherent states

[ (jo) £ —a)), A3)

1 1
V21t
which approximate the eigenstates of the resonant Kerr-
cat qubit for |a|? > 1 (e72¢° — 0). In the effective low-
dimensional subspace, the eigenstates of Z, Z| + Z) =

4| £ Z) are shown as bases in the Bloch-sphere represen-
tation [see Fig. 1(b)] where

1
+7)=— (ICH £ |CH)) ~ | L a). 4
I ) ﬁ(| NEIC)) ~ |+ a) 4)

The remaining Pauli operators are defined analogously
[47]. Interestingly, coherent states act as eigenstates for

both detuned and resonant Kerr-cat qubits at large cat
sizes [30], enabling their use as robust computational states
in either regime. We propose SQUID-based circuits to
implement Kerr-cat qubits in a superconducting circuit
platform that achieves a Kerr-cat Hamiltonian with strong
tunable two-photon driving and weak Kerr nonlinearity.
We compare two designs: a double-SQUID loop STS and
a single SQUID. As shown in subsequent sections, the
STS design (1) can be operated at a high drive sensi-
tivity point, enhancing two-photon driving strength under
identical flux-pumping conditions, and (2) has an extra
middle branch for the dilution of Kerr coefficient, making
it superior for stabilizing Kerr-cat qubits.

A. Symmetrically threaded SQUID Hamiltonian

To realize the Hamiltonian in Eq. (1), we consider an
alternative circuit for the Kerr-cat qubit based on the STS.
The circuit design is shown in Fig. 1(a). For the sake of
simplicity, we will consider only one STS circuit with sin-
gle junctions and later discuss the implications of having
multiple junctions in the middle branch and multiple STS
in series. An external flux ¢, (¢.), in units of flux quan-
tum //2e, is threaded through the SQUID loop formed by
Josephson junctions J, and J; (J3). A capacitor Cy is con-
nected in parallel to the junction arrays. The Hamiltonian
for the circuit in the lab frame can be written as [23]

N R 2 1,
Hyp, = 4Eci* — Ejy cos (€0 + §¢e + §¢e)

— Ej; cos (@ + %fﬁA) — Ej3 cos (9‘3 — %‘ﬁe - %%) ,

6]
where we considered equal junction capacitances. Ej;, i =
1,2,3, gives the Josephson energy of the Josephson junc-
tion J; and E¢ is the effective capacitive energy. In deriving
Eq. (5), we assumed geometric inductance to be much
smaller than the Josephson inductance [48].

When the flux is asymmetrically threaded between the
two loops, it has been shown that one can implement
efficient four-wave mixing processes in the asymmetri-
cally threaded SQUID (ATS) [34]. However, the ATS
dissipative-cat qubit differs from the STS Kerr-cat qubit
both in the mode of stabilization of the cat qubit and oper-
ation [16]. Unlike the ATS, the STS circuit relies on its
intrinsic Kerr nonlinearity to host the cat states. In the
STS circuit design, since we are interested in doing effi-
cient three-wave mixing to generate the two-photon drive,
we instead thread the flux symmetrically using ¢ = ¢, —
¢. = 0. Equation (5) reduces to

Hia = 4Ech? — Ejy cos ¢ — 2E,x cOS P COS
+ 2E; A sin ¢, sin @, (6)
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where we defined E;x = (E;; +Ej3)/2 and Eja =
(Ej1 — Ej3)/2. For the sake of simplicity, we consider
E; A = 0in this section. Note that the effective capacitance
(including the junction capacitance as well as the exter-
nal capacitor Cr) along with the junction J, will act as
a transmon, providing the necessary bound states and the
Kerr nonlinearity for the oscillator. The lab Hamiltonian
in Eq. (6) consists of a transmon-type contribution (the
first two terms) and a SQUID-type contribution (the last
two terms). The transmon part is obtained from the mid-
dle branch of the STS, whereas the SQUID contribution
is obtained from the outer branches. From now on, we
will call the middle branch with Josephson junction .J, as
the “transmon branch,” whereas the other branches will be
referred to as the “SQUID branch.”

To generate a large two-photon drive, we symmetrically
dc bias the SQUID around —m/2, then apply an ac mod-
ulation tone according to ¢, = ¢, = —m/2 + 8¢ cos(wgt).
The dc bias point is chosen to create the highest first-order
sensitivity on the modulation depth ¢ while removing the
parasitic even harmonics of the drive (see Appendix A).
The external flux in the two loops must be the same, which
means we only modulate the common mode of those two
flux loops, leaving the differential mode untouched. This
requirement can be realized experimentally by designing
the flux lines symmetrically with respect to the two SQUID
loops or by carefully controlling the interference between
the two flux lines. Expanding the Hamiltonian in Eq. (6) to
fourth order in ¢ = gzps(a’ + @) with pzps = QEc/E))"*
being the zero-point phase spread, we obtain

Hip = e.d’a — Ka &% — 2E ;5 sin (8¢ cos(wqat))

(=" N atq2n
X n;; ot [ozps(@+ah]™, (7)

where €. = \/8EcE;; and K = E¢/2. In order to obtain
the Kerr-cat Hamiltonian of Eq. (1), we look for the
static effective representation of H lab under the condition
ha)d ~ 2€..

Going to the rotating frame at frequency wq/2 following
the transformation a@ — ée~*d"/2 and using the general-
ized Schrieffer-Wolff transformation generated by S(1) (see
Appendix A for details), the effective Hamiltonian for the
STS is given by Hg = &5/ H (1) S/1h — iReS/ihy,eS/ih,
Up to O(¢5ps), the static effective Hamiltonian is given by

Hs = Aa'a+ e + &) —Ka & + AGT& +aa),
(8)

where for STS with single junctions of energy E;; =
Ej, = Ej3 = E; and up to first order in the modulation

depth 8¢,
& = 60/2 (V2ECE, — Ec) = 8¢/4 (e — 2Ec),  (9)

A = €. — hwy/2 — 2K — 8¢*€?/8hwy, K = Ec/2 and
A = —8§¢Ec /3. Note that the two-photon drive strength €,
is linear in the modulation depth, the oscillator frequency
and the charging energy Ec. The STS circuit achieves two-
photon driving at the second order of the zero-point phase
spread (¢zps) compared to the SNAIL-based Kerr-cat qubit
where one needs to go to the third order in nonlinear-
ity, resulting in a much larger two-photon drive strength
with a similar pumping in the STS compared to SNAIL.
Compared with the usual Kerr-cat Hamiltonian studied in
Refs. [4,11] and given in Eq. (1), the static effective Hamil-
tonian in Eq. (8) for STS has an extra term proportional to
A. This extra term takes the qubit away from the Kerr-cat
regime and is detrimental to the qubit’s coherent lifetime.
In Sec. III A, we will investigate the decrease in lifetime
due to this extra term and ways to mitigate its effects.

In Fig. 2(a), we show the total effective classical energy
(E1) of a nonlinear oscillator (¢; = 0) in the phase space.
We observe a circularly symmetric energy well in the posi-
tion (x) and momentum (p) space. The interwell tunneling
can only take place through the barrier in the middle. How-
ever, in the case of the Kerr-cat qubit [see Fig. 2(b)], a
classically forbidden region develops in between the dou-
ble well. Further, two saddle points connect the two wells.
The tunneling through these saddle points can destruc-
tively interfere, giving rise to robust qubits. In Ref. [15], it
was shown that destructive interference happens when the
detuning is an even integer multiple of the Kerr coefficient,
A /K = 2m, where m is a non-negative integer.

In Fig. 2(c), we plot the energy spectra of the Kerr-cat
qubit as a function of detuning for A = 0, which is equiv-
alent to a SNAIL Kerr-cat Hamiltonian [22]. For A/K =
2m, we observe m + 1 degeneracy points; note that the
ground-state energies of a Kerr-cat Hamiltonian, which are
subtracted from the eigenenergies, are always degenerate.
The main difference between our analysis based on STS
and Ref. [11] can be seen in Fig. 2(d) where we plot the
energy spectra for A/K = 0.12, recalling that, A is absent
in the SNAIL Kerr-cat Hamiltonian. Although the degen-
eracy points are independent of the values of €; in SNAIL
Kerr cats, we find that with STS they get shifted from
A /K = 2m for finite values of A. Since A and €, both
depend on the modulation depth §¢, the shift in degeneracy
varies as a function of €,. We can thus apply an external
drive-dependent detuning to cancel the shift in degeneracy
points.

In order to dilute the Kerr (necessary to mitigate mul-
tiphoton heating effects), we will consider multiple STS
connected in series. Let us consider M number of STS
with a single junction in the SQUID branch. In that case,
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A/K

FIG. 2. Classical phase-space surface of the total effective
energy of the Kerr-cat Hamiltonian in Eq. (8) for A/K = 4, (a)
6/K = A/K =0,and (b) ¢,/K = 0.3, A = 0 (yellow plot) and
A /K = 0.2 (gray plot). Energy spectrum of Eq. (8) as a function
of A for ¢;/K =2 and (¢) A/K =0 and (d) A/K = 0.12. Red
stars denote the first degeneracies of the first three excited-state
pairs with opposite parity.

if N number of junctions are used in series in the transmon
branch of each STS (each with Josephson energy £/, =
NE,,, where N = MN ), the Kerr coefficient gets diluted
to K — K/N? (see Appendix A 1 for details). Since the
Kerr coefficient and the two-photon drive strength com-
pete to stabilize the cat states, one can enhance the effect
of pumping without increasing the modulation depth by
just diluting the Kerr coefficient. This is desirable because
a diluted Kerr coefficient leads to a stronger stabilization of
the cat qubit for a similar drive strength, leading to faster
qubit initialization and high-fidelity gates.

B. Accuracy of the STS static effective Hamiltonian

In this section, we investigate the accuracy of the static
effective Hamiltonian of Eq. (8) by comparing its eigenen-
ergies and eigenstates to that of the lab Hamiltonian of
Eq. (7). Following Ref. [49], we use the Floquet formu-
lation to derive the quasienergies of the lab Hamiltonian
and compare them with the eigenenergies of the STS static
effective Hamiltonian. In Fig. 3(a), the solid black curves
are the Floquet quasienergies (le, — €o|/K, n =1,2,3,..)
of the lab Hamiltonian whereas the dashed red curves are
eigenenergies (|E, — Ey|/K) of the STS static effective
Hamiltonian for K/h = 7.81 MHz. We find almost per-
fect agreement between the Floquet and Kerr-cat energy
spectra. Therefore, the STS design behaves as an effec-
tive Kerr-cat qubit even for a high Kerr coefficient of
K/h =7.81 MHz.

In Fig. 3(b), to study the overlap between the STS static
effective Hamiltonian eigenstates and the eigenstates of
the lab Hamiltonian, we adiabatically switch on the two-
photon drive from €,/K =0 to €;/K =4, and plot the
overlap as a function of time, considering K /& = 7.81

—Lab Hamlltonlan Floquet
- -Static Effective Hamiltonian

%

0
12
€9 / K
(b) |
4
3 =
— [ (®)[0)?
2 —l@®)ICH
(n)
0 200 400 600 800
time (ns)

FIG. 3. (a) The Floquet quasi-energy-level diagram of the STS
lab Hamiltonian of Eq. (6) (solid black curves) compared to
the eigenenergy level diagrams of the STS effective Hamilto-
nian of Eq. (8) (dashed red curves) plotted as a function of the
two-photon drive strength for K/h = 7.81 MHz. (b) The over-
lap between the eigenstates of the STS lab Hamiltonian and the
cat states (eigenstates of the static effective Hamiltonian) plotted
as a function of time when the two-photon drive is adiabatically
switched on from €,/K = 0 to €,/K = 4 (solid red curve). The
solid orange curve gives the photon population in the STS at each
time ¢.

MHz. Starting from the ground state, we find that the
overlap between the cat eigenstate (|C))) and the eigen-
state of the lab Hamiltonian (|v)) approaches 1 with
increasing time (in ns). Further, the photon number (solid
orange curve) asymptotically approaches ~ €, /K, neglect-
ing a small contribution proportional to A.

C. Single SQUID Hamiltonian

This section will study the SQUID-based Kerr-cat qubit
and compare it against an STS Kerr-cat qubit. To realize a
Kerr-cat qubit, we pump a capacitor shunted SQUID with
an external flux, ¢, = 7 /4 + 8¢ cos(waf) (see Appendix C
for details). The pumping is done around 7 /4 since, unlike
STS, a single SQUID behaves as a capacitor at /2. Doing
so, we obtain the following static effective Hamiltonian up
to O(¢7ps)

A ~ A - A2 ~ ~ 2 0
Hsq = Adfa+&@" +a*) —Kaa?

LA (zﬁa + a*zﬁ) + 0 (a*“‘ n a“) . (10)
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where for a single-junction SQUID K = E¢/2, & = —8¢/
232 (V2ECE; — Ec) + 8¢3EcE; /4wy (for the details of
the calculations and for the dependence of A, A and © on
the circuit parameters, see Appendix C).

The two notable differences between the single SQUID
Kerr-cat Hamiltonian and the STS Hamiltonian in Eq. (8)
is the negative sign in front of the two-photon drive
strength &, and the final quartic term in & and &', which
is absent in the STS case. However, ® is proportional to
approximately ¢;ps/100, giving a negligible contribution
for a sufficiently diluted Kerr coefficient. Comparing the
Kerr and two-photon driving strength with the STS case,
we find K = K and & = —€,/+/2 up to the leading order
in zero-point phase spread. Note that when all the param-
eters are considered the same, the Kerr coefficient for the
SQUID is the same as the Kerr coefficient for the STS,
whereas the two-photon drive for the same value of modu-
lation depth is largely reduced compared to the STS. This
results in a reduced 7, for SQUID in comparison to the
STS (see Fig. 12 in Appendix C).

In Table I, we compare different properties of the three
different proposed designs of the Kerr-cat qubit, namely
the SQUID, SNAIL, and STS designs. Compared to single-
SQUID designs, the STS exhibits two key advantages:
first, its dedicated middle branch enables independent
control of Kerr dilution, which single SQUID lacks; sec-
ond, the STS operates effectively at the sensitive flux
bias point of ¢. = w/2, whereas single SQUIDs can-
not function optimally near ¢ = /2 and must instead
operate at alternative flux points. This constraint in sin-
gle SQUID reduces its two-photon driving efficiency
under comparable flux modulation, limiting its perfor-
mance. Further, note that the two-photon dissipation,
which enters at O(g}ps) for the SNAIL design, only gets
introduced at O(p3pg) for SQUID-based designs. This
leads to robust 7, for the STS design even in the high
Kerr limit compared to the SNAIL (see Appendix E for
details). Together, these features position the STS as a
promising platform for high-fidelity Kerr-cat qubit oper-
ations.

The STS circuit architecture offers a simplified flux-
pumped design that addresses critical challenges in Kerr-
cat qubit operation. By engineering the flux operator of the
drive Hamiltonian to generate only even-order harmonics,
the STS suppresses two-photon dissipation (see Sec. [1I A),
a dominant loss mechanism in high-Kerr regimes, while
enabling access to the strongly nonlinear regime for faster
gate operations. Furthermore, the STS’s middle branch
facilitates Kerr coefficient dilution through multiple junc-
tions, achieving a weak nonlinear oscillator as required for
qubit operation, without diminishing the two-photon drive
strength. This satisfies the criteria outlined in Ref. [50] for
practical applications: (1) a static Hamiltonian with diluted
Kerr nonlinearity and (2) a drive Hamiltonian restricted

TABLE 1. Comparison of three different circuit designs for
Kerr-cat qubit. €4 is the periodic drive strength and g, is the
mth-order nonlinearity coefficient in the SNAIL Hamiltonian
[14]. We compare only the leading-order contributions. The life-
time 7, was calculated for €;,/K = 8 (for STS and SNAIL) and
K/h = 14.4 MHz (see Fig. 14). The two-photon drive strength
for the single SQUID, € = —e,/+/2.

SQUID SNAIL [14] STS
Drive Flux Charge Flux
RWA O(¢zps) O(¢zps) O(¢zps)
Two photon O(g3ps) O(p)ps) O(@3pg)
dissipation x Eja x g3 X Ejp
8¢ 4Qq 5¢
- FE 2 _mHa iy 2
€ 2\/5 JEP7ps &3 3 ) JEP7ps
3 10g?
K Ec)2 &L T8 pp
2 3wy
To 188 s 2.58 us 1.22 ms

to even harmonics, ensuring robust two-photon driving
without dissipation.

ITI. KERR-CAT NOISE MODEL

In this section, we consider an open quantum system
to study the lifetime of the coherent states of the STS
Kerr-cat qubit in the presence of an external environment.
The environment is considered to be a macroscopic sys-
tem at thermal equilibrium with temperature 7' composed
of a bath of linear oscillators with continuous modes. The
Hamiltonian for the bath is given by

J

(11

where l;j and BJT are, respectively, the annihilation and cre-
ation operators of an excitation of energy hw; in the envi-
ronment. The system environment coupling Hamiltonian
in the rotating frame takes the following form:

I:]SB(t) = (&efiwdt/Z . &Teiwdt/Z) B(l‘), (12)

where B(f) = >, ik (lAaj e ot — l}:eiwf’> and &; gives the
coupling strength.

For a system that is weakly coupled to a thermal envi-
ronment with fast dynamics such that any excitation in
the environment induced by the system is quickly car-
ried away, the dynamics of the system are given by the
Gorini-Kossakowski-Sudarshan-Lindblad (GKLS) master
equation,

dis

i » A 2 A
it~ h [Hs’ps] + ; vD[0ps,  (13)
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where D[@;],ﬁs = @;,65@; — (5;@1,53 + ,65@;@;) /2 for
the jump operator @1 and y; is the corresponding transi-
tion rate. The first term in the right-hand side of Eq. (13)
gives the unitary dynamics due to the system Hamiltonian,
and the second term gives the dissipation introduced by the
environment.

In the frame introduced by the Schrieffer-Wolff transfor-
mation generated by S(), although the system Hamiltonian
is static, the transformed system-environment Hamiltonian
would not necessarily be static. The transformed system-
environment coupling up to O(p2p) is given by (see
Appendix B for details)

(2) (D= HsB(t) + % {3(_&Tei3wdt/2 + &efimdt/z)
hawg
+2(— Ge'@dt/? +a ~F ﬂwdt/z)}B(t), (14)

where G5 = §pE)s gaéps /2. The corresponding GKLS
master equation is given by

a/05(1‘)

= [y @/ 2DLE" + Y @i/ DL} 0

3G
+ ( h;:) ly Bwa/2)D[a"] + Y Bwe/2)Dlal} ps(®),
(15)

where Bﬁs(t)/at = 3ps(t)/0t — l/ih[ﬂs,ﬁs(t)] and a =
y(w) = h 'k (w)n(w) and Y(w) = A~k (w)
1+ n(a))) are the incoming (from the environment
to the qubit) and the outgoing (from the qubit to
the environment) transition rates, respectively. x(w) =
2w k! Z | 128 (e — w;) is the spectral density and
n(w) = [e ho/knT _ 177! is the Bose-Einstein distribution
function of the environment. The system-environment cou-
pling and the master equation up to O(g;pg) are calculated
in Appendix B.

The first line on the right-hand side of Eq. (15) gives
the master equation under the rotating-wave approxima-
tion (RWA) for a — . Unlike the SNAIL case [22], we
observe that up to the leading order beyond RWA, the mas-
ter equation contains only single-photon effects. For sym-
metric SQUID junctions, we do not observe two-photon
heating and cooling effects, even at higher orders of
@zps. The next order terms include three-photon effects
at O(¢yps) (see Appendix B). However, the asymme-
try in SQUID junctions can result in two-photon heating
and cooling effects, which we discuss in more detail in
Appendix B. Note that we undergo several approximations
to derive the GKLS master equation: (1) Born approxima-
tion, which demands weak system-environment coupling,
i.e., Vi < €.9aps, (2) Fast bath dynamics compared to
the system relaxation time (Markov approximation), and

(3) weak zero-point phase spread (¢zps) and modulation
depth (6¢). To undergo perturbation around the RWA,
all the parameters in the lab Hamiltonian (expressed in
the rotating frame) should be smaller than the drive fre-
quency. Since the drive frequency wqg ~ 2¢./h is fixed,
this will imply that the RWA, which is O(¢9ps), Will be
valid for ¢zps < 1. More details regarding the limits set
by ¢zps and 8¢ are given in Appendix A 2. The derived
master equation in this section only includes the linear tun-
neling Hamiltonian and does not account for dephasing.
We can add a term proportional to the number operator
in the Lindbladian to study the effect of dephasing (see
Appendix B 3).

With symmetric SQUIDs, we only get terms propor-
tional to even powers of the ¢zps in both the static
effective Hamiltonian and the master equation. However,
when the asymmetry in the SQUID junctions is taken
into account, all orders in ¢zpg contribute. This introduces
extra terms in the static effective Hamiltonian and two-
photon heating and cooling effects in the master equation,
which are absent in the symmetric case [see the O(¢3pg)
master equation in Appendix B]. We find that the mul-
tiphoton dissipative effects due to 5% asymmetry in the
SQUID junction result in a negligible reduction of 7,
for K/h < 10MHz. Further, two-photon drive strength
(e2/K) depends on both the Kerr coefficient and the mod-
ulation depth (§¢). In the high Kerr coefficient limit,
stronger modulation is required to obtain large enough
two-photon drive strength; the first-order approximation,
sin (8¢ cos(wqt)) ~ 8¢ cos(wgqt), breaks down and one has
to consider higher-order terms in the modulation depth,
3¢. We do the calculation for stronger modulation depth
in Appendix B 4. The result is a longer first plateau in Ty,
plots, which we show in more detail in Appendix B 4.

A. Lifetime of resonant Kerr-cat qubit

The staircase-type pattern as a function of the two-
photon drive strength is the most remarkable feature of
the T, plot in Fig. 4. This pattern has been analyzed and
explained in detail in Refs. [14,22]. For ¢;/K — 0, T,
of the Kerr-cat qubit is effectively given by the lifetime
of the coherent superposition, ((|0) & [1)) /ﬁ), where
|0) (|1)) are the zeroth Fock (first Fock) state of the Kerr
nonlinear oscillator. The Kerr nonlinearity, along with the
two-photon drive, creates a double-well potential in the
phase space [see Figs. 2(a) and 2(b)]. The exponential
growth of T, with increasing two-photon drive strength
(€2/K) can be attributed to the inclusion of energy lev-
els inside the double-well metapotential. The number of
bound states inside the double-well potential is approx-
imately given by N' = e,/7K [14] with a new pair of
excited states entering the potential well every time A
takes an integer value. As shown in the inset of Fig. 4, the
splitting between the energy levels entering the potential
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FIG. 4. T, of the Kerr-cat qubit as a function of the two-

photon drive strength €,/K for ten STS connected in series
with a single junction in each branch setting the Kerr nonlinear-
ity to K/h = 1.25 MHz. The RWA calculation, which takes the
system-environment coupling up to order ¢, and keeps only
single-photon processes in the master equation, is given by the
solid blue line. The dashed orange curve gives the leading order
beyond RWA O(¢2ps) calculation and keeps multiphoton pro-
cesses in the master equation. In the inset, we plot the energy
spectra of the Kerr-cat qubit as a function of the two-photon drive
strength €, /K.

well becomes smaller with increasing €,. Consequently,
the quantum tunneling between the two levels inside the
double-well gets suppressed with decreasing splitting and
becomes maximally protected from tunneling for degen-
erate states. This leads to exponential growth in lifetime
as a function of the two-photon drive strength. However,
in order to explain the plateau in Fig. 4, we would have
to consider the effect of the environment. 7, increases as
a function of decreasing splitting until the rate of dissipa-
tion (y) to the environment overcomes it. The tunneling
between the two nearly degenerate states and the dissipa-
tion to the environment compete with each other, resulting
in lifetime saturation at T, = (yng)~' when only single-
photon heating and cooling effects are considered. As long
as one takes the RWA, the plateau occurs at the same
lifetime (7, ). However, non-RWA terms can result in the
lowering of the lifetime plateau. The second exponential
growth starts when the next set of excited states fall into the
metapotential, and the splitting between them decreases
as a function of the two-photon drive strength. Unlike
the SNAIL qubit, we observe that the STS qubit is well
approximated in the RWA regime [22]. This is because the
STS master equation does not contain terms on the order
of ¢} s for symmetric junctions. Therefore, the next largest
contribution is on the order of (p%PS, which is much smaller

than the terms that survive RWA. Hence, the multiphoton
heating and cooling effect is largely suppressed in the STS
Kerr-cat qubits even when asymmetry between the Joseph-
son energies is properly accounted for. For the simulation
parameters, we take the coupling to the external environ-
ment, ¥ (wq/2)/h = y(Bwq/2)/h = 8 kHz. For the tem-
perature of the environment, we choose 7,2 = 13,2 =
50 mK. Moreover, the Josephson energy for the transmon
and SQUID junctions are considered to be of similar mag-
nitude. The Josephson and capacitive energy are given by
E;/h =80 GHz and Ec/h = 250 MHz, respectively, and
consequently the Kerr coefficient for a single junction is
K /h = 125 MHz. Further, the drive frequency is given by
wq = 24w GHz. Unless mentioned otherwise, we consider
the detuning, A /K = 0. These parameters were chosen to
minimize decoherence in the static circuit [14,16,51].

The main difference between the usual Kerr-cat Hamil-
tonian [11] and the static effective Hamiltonian in Eq. (8)

is the presence of the last term, A(afa® + ot a). The most
dominant contribution to A is O(goéps), hence it is signifi-
cantly smaller for Ec < E;,. However, for larger values
of Kerr coefficient, which is also (’)(qoéps), A becomes
significant. The extra term proportional to A is respon-
sible for the observed dip in T, for K/h = 31.3 MHz
(solid blue curve in Fig. 5, where we consider only two
junctions in the transmon branch). The average effect of
this term is to introduce an additional detuning given by
A (zﬁzﬁ +ab a) ~ (2Ae>/K) &' This additional detun-
ing takes the Kerr-cat qubit away from the sweet spot
where the detuning is an even multiple of the Kerr coeffi-
cient. Apart from the dip in 7,, we also observe a decrease
in the plateau height for K /A = 31.3 MHz, which results
from the non-RWA terms in the master equation. Increas-
ing the Kerr coefficient eventually increases the effect of
higher order in ¢zps terms. The above behavior motivates
us to consider the case where the Kerr coefficient can
be significantly reduced, hence mitigating the unwanted
contribution from the extra term in the STS Hamiltonian
and non-RWA multiphoton effects. One possible way, as
suggested in Sec. Il A, is to consider the case with multi-
ple junctions instead of a single junction in the transmon
branch. This leads to the dilution of Kerr coefficient by
K — K/(MN)?, where N is defined through N = MN.
M is the number of STS in series, and N is the num-
ber of junctions in the transmon branch of each STS (see
Appendix A1l for details). In Fig. 5, the smaller Kerr
coefficients are obtained by considering different numbers
of STS in series, namely M = 2 (dashed orange curve),
M =3 (dotted yellow curve), and M = 10 (dot-dashed
purple curve). We find that increasing the number of STS
in series decreases the value of €,/K required for initiating
the exponential growth of lifetime (€, /K &~ 4.5 for M = 2,
whereas €, /K ~ 2.5 for M = 3). Further, with a sufficient
number of STS, which ensures sufficient reduction in the
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FIG. 5. T, of the Kerr-cat qubit as a function of the two-
photon drive strength €,/K for different values of Kerr non-
linearity. In order to obtain the mentioned Kerr coefficient, we
took M =2, N =2 (solid blue curve), M =2, N = 4 (dashed
orange curve) and M =3,N =6 (dotted yellow curve) and
M = 10,N = 10 (dot-dashed purple curve). In the inset, we
show how the initial dip in the lifetime observed for K/h =
31.3 MHz can be actively canceled by introducing a drive-
dependent detuning.

Kerr coefficient (from K/h =31.3 MHz for M = N =2
to K/h = 1.25 MHz for M = N = 10), one can get rid of
the dip in 7, as well as the lowering of the plateau alto-
gether. We further observe that although the 7,, curve still
has a dip for K/h = 3.47 MHz (dotted yellow curve), the
plateau height has been restored to the level of the purple
curve. This implies that the multiphoton dissipative effects
decay faster as a function of decreasing Kerr coefficient
compared to the additional detuning introduced by A.

We find that one has to increase the number of STS to
almost 10 to eliminate the dip in the 7}, due to the extra
term in the STS Kerr-cat Hamiltonian. Experimentally,
having so many STS in a series will be challenging. Instead
of adding STS, one can think of actively canceling the
effect of the extra term. In the inset of Fig. 5, we propose
a strategy to cancel the dip in the 7, for M =2,N =2
case (solid blue curve in the main plot). The idea is to
add an extra drive-dependent detuning in the circuit, which
is opposite in sign compared to the extra term propor-
tional to A, which results in a STS Kerr-cat Hamiltonian

of Eq. (8) with A = —2A¢,/K since A (&Tfﬁ + &73&) ~
(2Aey/K)ata. We find that with this additional drive-
dependent detuning, the 7, plot for M =2, N = 2 (green

dotted curve) has no initial dip and almost overlaps the
plot done for A = 0 (dashed red curve), recovering the

staircase-type pattern observed for low Kerr coefficient.
An alternative approach to reducing the Kerr nonlinearity
could involve lowering E¢ rather than employing multi-
ple STS circuits connected in series. However, reducing
E¢ also reduces the oscillator gap (e, = +/8EcE;) and

the two-photon drive strength €, = §¢/2(v/2EcE; — E¢),
necessitating stronger modulation depth to achieve com-
parable two-photon drive strength. There are three key
issues associated with stronger modulation depth: (1) the
weak modulation depth approximation used to derive the
static effective Hamiltonian and the master equation breaks
down, (2) including higher order in modulation depth
terms leads to the suppression of the lifetime 7, (see
Appendix B4), and (3) the dynamical dephasing rate is
directly proportional to the modulation depth leading to
the further suppression of the lifetime [see Eq. (B37) and
Appendix B3]. By contrast, employing STS with mul-
tiple junctions in the middle branch or multiple STS in
series reduces the Kerr coefficient without affecting the
two-photon drive strength.

Using the master-equation framework, robust agreement
with experimental data for 7, as a function of €, was
shown in Ref. [16,30] for SNAIL-based design by sys-
tematically accounting for distinct decoherence channels.
While standard approximations, such as static thermal dis-
tributions and weak system-environment coupling with
energy-independent tunneling rates, hold for weak drives,
deviations emerge at stronger two-photon drive strengths
or detuning. This necessitates dynamic adjustments to
the thermal population and energy-dependent couplings.
Notably, it was observed that single-photon dissipation
alone fails to capture key experimental features: inclined
plateaus in Ty, overshooting lifetimes, and delayed rise in
T,. Although including two-photon heating and dephas-
ing effects led to a better agreement with the lifetime,
it also led to a substantial decrease in the lifetime, and
we predict a further decrease for higher Kerr coefficient
(see Fig. 14 and Appendix E). In contrast, the STS archi-
tecture suppresses these losses through its symmetric cir-
cuit design: two-photon dissipation enters at (9((,0%,5) [vs
O(gyps) in SNAILs] and is proportional to junction asym-
metry, and dynamical dephasing enters at O(goéps) [vs
O(g2ps) for SNAILs], enabling robust operation in high-
Kerr regimes. This hierarchy explains why STS-based
designs are projected to outperform SNAILs for K /4 ~ 10
MHz, achieving T, ~ 10 ms.

B. Lifetime of detuned Kerr-cat qubit

For a small Kerr coefficient, we observed that 7, of
the STS Kerr-cat qubit depends only on the two-photon
drive strength, i.e., the ratio €,/K. We further observed
that as the two-photon drive strength increases, the num-
ber of bound states inside the double well and the number
of degenerate states increase, leading to enhancement of
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T.. However, so far, we have not looked into the effect
of detuning (A) on T, of the Kerr-cat qubit. In Fig. 6(a),
we study the lifetime of a detuned Kerr-cat qubit given
by the Hamiltonian in Eq. (1). As mentioned in Sec. Il A,
the interwell tunneling through the saddle points destruc-
tively interferes, giving m + 1 degeneracies for A/K =
2m. These degeneracies lead to a sharp spike in the 7, plots
for even integer values of A /K as shown in Fig. 6(a) [15].
Note that the spikes are shifted a bit from the even inte-
ger values of A /K for larger values of the Kerr coefficient
(follow the black dashed line), where the extra detuning
introduced by A is stronger. This shift results from the shift
in degeneracy points in the energy spectra for finite values
of A [see Fig. 2(d)]. In Fig. 6(b), we plot T, as a func-
tion of both the detuning A /K and the two-photon drive
strength €;. In Ref. [15], it was shown that the number
of excited states entering the double well increases faster
when both €, /K and A /K are increased instead of just the
two-photon drive strength. We observe similar features in
Fig. 6(b). One can analyze the lifetime plot fixing A/K
to 1 and 6 and observe that lifetime increases significantly
as a function of €;/K for A/K = 6. Also note the sharp

10%}
10%;
0
F10?
s} :
a 10}/ i(~K/h = 31.3 MHz]
il K/h =7.81 MHz
10%¢ | K/h = 3.47 MHz|;
{--K/h = 1.25 MHz

0 2 4 6 8 10 T,(ms)

AJK

FIG. 6. T, of the Kerr-cat qubit (a) as a function of A/K
for €,/K = 6 and for different values of Kerr coefficient (same
as Fig. 5) and (b) as a function of both ¢,/K and A/K for
M =2,N=4(K/h=7.81MHz).

spikes in the lifetime around even integer values of A /K,
as observed in Fig. 6(a).

The lifetime peak as a function of detuning was exper-
imentally observed and theoretically modeled for SNAIL
Kerr-cat qubits using master equations in Ref. [30]. While
we assumed energy-independent spectral densities (fixed
photon-loss rates) for simplicity, this framework could
only reproduce one peak in the experimental 7, (A) data.
This limitation stems from the spectral density’s depen-
dence on the drive frequency wq, which is related to detun-
ing via A &~ €, — hwq/2. This suggests energy-dependent
spectral densities would be required to properly address the
lifetime as a function of detuning.

IV. QUBIT INITIALIZATION

Our observations reveal that detuned Kerr-cat qubits
exhibit significantly enhanced 7, compared to their reso-
nant counterparts, making them ideal candidates for quan-
tum operations. However, a critical challenge arises in
initializing detuned Kerr-cat qubits. For resonant Kerr-cat
qubits, the cat states emerge as eigenstates under suffi-
ciently strong two-photon driving (e;), and initialization
can be achieved by adiabatically ramping ¢, from zero to
a finite value. The adiabatic ramping maps the Fock states
|0) and |1) to the eigenstates, i.e., the cat states, of the res-
onant Kerr-cat Hamiltonian. This method fails for detuned
Kerr-cat qubits because the computational basis states (]0)
and |1)) are no longer the ground states of the Fock Hamil-
tonian, despite the cat states remaining the ground states of
the detuned Kerr-cat Hamiltonian. This prevents mapping
the |0) and |1) states to the cat states through adiabatic
ramping of €, in detuned Kerr-cat qubits. In this section,
we will discuss how to initialize the detuned Kerr-cat
qubits using single-photon dissipation and readout.

In Fig. 7, we plot the spectrum of the steady-state
density matrix of our system, py = Y, Pk |k) (k|, without
detuning (the inset) and with detuning (A /K = 2.1) over a
range of two-photon drive strength. In the case of no detun-
ing, the coherent states (| &= «)) are the first two degenerate
eigenstates of the Hamiltonian at any drive strength. How-
ever, coherent states are not orthogonal at weak drive
(small cat size) limit. To stabilize the cat states and, hence,
to initialize a noise-biased Kerr-cat qubit, we require
a stronger two-photon drive giving orthogonal coherent
states (] £ «)). For stronger drives, the coherent states
become orthogonal as the red and blue curves converge
at P = 0.5, and the density matrix is a classical mixture of
the coherent states with equal probability. Since the steady
state can be expressed as a superposition of the coherent
and cat states simultaneously, it is bimodal [52]. However,
for A/K = 2.1, the steady-state density matrix has contri-
butions beyond the first two eigenstates, causing leakage.
Therefore, when we look at the weak two-photon drive
regime for €, /K between 0 and A /K, we observe a finite
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FIG. 7. The spectrum of the steady-state density matrix (red

curve with cross and blue curve with dots for the first two eigen-
states) as a function of the two-photon drive strength €, for
detuning A /K = 2.1. The black curve with crosses gives the
leakage probability out of the first two eigenstates, Pieax = 1 —
P — P;. In the inset, we plot the A /K = 0 case. We considered
the single-photon loss rate, y /K = 0.05, and the Bose-Einstein
distribution, ng, = 0.01.

leakage probability Pl =1 — Py — P, (black curve),
where P; (red curve) and P, (blue curve) are the first
two eigenvalues of the steady-state density matrix. These
eigenstates correspond to the coherent states in the absence
of detuning (the inset of Fig. 7 where the leakage probabil-
ity is zero even for weak two-photon drives). For A /K =
0, all the eigenenergies increase monotonously with
increasing €,/K whereas, for A /K = 2m, all degenerate
energy levels, other than the first two eigenenergies, show
nonmonotonous behavior as a function of the two-photon
drive strength (see Appendix D). Further, for A/K ~ 2,
the fourth level with energy £3 moves much closer to E,
compared to A /K = 0. The nonmonotonous behavior of
the degenerate energy levels, as well as the closing of the
energy gap, leads to a substantial leakage out of the first
two density-matrix eigenstates as shown in Fig. 7.

In Fig. 8, we show the Wigner plots for the detuned
and nondetuned qubits at different drive strengths. We can
see that at weak drive, €,/K = 1, coherent states are not
stabilized enough to be fully separated in both Figs. 8(a)
and 8(b). However, in the detuned case in Fig. 8(Db),
the coherent states seem to be more distorted than the
nondetuned case in Fig. 8(a). On the other hand, for a
strong drive, €,/K =4, we can see in both Figs. 8(c)
and 8(d) that the coherent states are fully separated and
have equal probability. This supports our previous argu-
ment in Fig. 7: for a strong enough two-photon drive and
long enough relaxation time, regardless of the detuning, we
get a classical mixture of coherent states | & «) at equal
steady-state probability.

A=0 A=21K
2 2
(@) (b) 0.20
= 0.26
= 0 0
E 0.22
0.19
—92 1 —924
-25 0.0 2.5 -25 0.0 2.5 0.16
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FIG. 8. Wigner function plot for ¢;/K =1 [(a),(b)] and for

€6 /K =4 [(c),(d)] for two different values of detuning. We
considered the single-photon loss rate, y/K = 0.05, and the
Bose-Einstein distribution, 7y, = 0.01.

Consequently, we can initialize the detuned Kerr-cat
qubit (that satisfies the drive and relaxation criteria men-
tioned previously) by performing a readout along the
qubit’s z axis and preparing it in the coherent state | - «)
[14], based on the outcome of the readout. Finally, it is
important to distinguish that the initialization time of a
detuned Kerr-cat qubit depends strongly on the relaxation
time rather than the ramp time of the two-photon drive,
unlike the nondetuned case.

V. CONCLUSION

We presented the symmetrically threaded SQUID archi-
tecture as an alternative approach to realizing high-
performance Kerr-cat qubits, based on a flux-pumped
superconducting circuit design, compared to the tradi-
tionally considered charge-pumped SNAIL design. By
engineering the flux drive to generate only even-order har-
monics, we observed that the STS has the added benefit of
suppressing two-photon dissipation, a dominant loss mech-
anism in high Kerr coefficient regimes while maintaining
robust two-photon driving. Its design and symmetric flux-
driving elevate multiphoton dissipation and dephasing to
higher orders in zero-point phase fluctuations, ensuring
resilience against decoherence even in Kerr-cat qubits with
stronger Kerr nonlinearities (approximately 10 MHz).

While single SQUID offers a simpler flux-pumped
design, we observed that it suffers from two critical lim-
itations: (1) inability to dilute Kerr nonlinearity without
compromising two-photon drive strength, and (2) incom-
patibility with operation at the high-sensitivity flux bias
point ¢ = /2. The STS overcomes these challenges via
its dedicated middle branch, which enables independent
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Kerr dilution and supports operation at ¢ = /2 through
symmetric driving of the two flux loops. Thus, the STS
design serves as a flux-pumped counterpart to the charge-
driven SNAIL architecture, with the added advantage of
enhanced resistance to two-photon heating and dynamical
dephasing. These properties position the STS as an ideal
platform for operating Kerr-cat qubits in high Kerr coef-
ficient regimes. We asserted this by studying the coherent
state lifetime of both resonant and detuned STS Kerr-cat
qubits. We further demonstrated that detuned STS Kerr-
cat qubits (with A /K = 2m, m being an integer) achieve
significantly enhanced 7, compared to resonant configu-
rations. However, detuned qubits can not be adiabatically
initialized, as Fock states do not map directly to cat states
via drive ramping. We addressed this by leveraging single-
photon dissipation and readout along the z axis to prepare
the qubit in the coherent state. Future work will focus
on experimentally validating STS-based Kerr-cat qubits,
particularly their robustness against multiphoton dissipa-
tion, and exploring broader applications of the STS circuit
design, including parametric amplifiers.
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APPENDIX A: STS—HAMILTONIAN

We consider the STS circuit shown in Fig. 1, where
three Josephson junctions J;, i = 1,2, 3 are placed in par-
allel to each other. The STS is shunted by a capacitor of
capacitance Ct. The Josephson energy associated with the
junction J; is given by Ej. Moreover, C; gives the self-
capacitance of the junction J;. Following Ref. [23], the
Hamiltonian for the circuit can be written as

G+ Gy () ,
s ¢e+cz¢e

I:Ilab = 4EC;12 — Ej; cos ((ﬁ +

. G G,
—Ejpcos| ¢ — C—¢e+c—¢e
s s

G, G+G

— Ej3cos (@ - C_2¢e s

¢g), (A1)

where Cyx = C| + C, + Cj5 and the charging energy, Ec =
e?/2C, C = Cx + Cr. ¢, ¢., i =1,2 gives the external

flux threading the two SQUID loops in units of the flux
quantum, ¢y = //2e. The canonical variables ¢ and 7 are

the phase and charge operators that satisfy the commuta-
tion relation, [¢, 7] = i, where i is the imaginary unit. In
our analysis, we will consider equal self-capacitances for
each Josephson junction, i.e., C; = C; = C3. The Hamil-
tonian reduces to

~ o 2 1
Hyy, = 4Eci® — Ejy cos <§0 + §¢e + gﬁbé)

1 1
—E D — —e + =@/
ch08<¢ 3¢> +3¢e>
L1 2,
— Ej3 cos ¢_§¢e_§¢e . (A2)

Taking ¢ = ¢, = ¢ along with E;x = (Ej1 + Ej3)/2
and E;A = (Ej; — E;3)/2, the Hamiltonian becomes

Hyp = 4Ech? — Ej; cos ¢ — 2E s, c0S ¢, cOS @

+ 2E; A sin ¢, sin @, (A3)

where the first two terms on the right-hand side represent
a transmon and the last two terms are driven by SQUID.
Hence, under the approximations considered, an STS cir-
cuit is equivalent to having a SQUID and a transmon
sharing the same node. For symmetric junctions, one gets
contributions that are even in the order of the phase opera-
tor contributions, whereas the junction asymmetry leads to
odd orders. We take the external flux drive of the form,
¢. = —1/2 4+ S¢ cos (wyt), where the DC bias —/2 is
chosen so as to attain highest first-order sensitivity to the
modulation depth while removing the parasitic even har-
monics of the drive. The even harmonics of the drive do
enter through the asymmetric SQUID term [last term in
Eq. (A3)]; however, its effect can be mitigated by mak-
ing the SQUID junctions as symmetric as possible. The
Hamiltonian in Eq. (A3) reduces

Hy = 4Ech? — Ej; cos ¢ — 2E s, sin(8¢) cos (wgt)) cos @

— 2EA cos(8¢ cos (wyt)) sin @. (A4)
We can represent the first two terms on the right-hand side
of the above Hamiltonian as the transmon Hamiltonian
(Hiab1), the next term as symmetric SQUID Hamilto-
nian (4 o so) and final term as the asymmetric SQUID

. . ylab,asym
contribution (H SQ ). Hence,

Hiap = Huvr + Hypyso + High so- (A5)

Using ¢ = @zps(@’ +a) and 7= —i(@—a")/Qezps),
where ¢zps = Ec/E 12)/4 is the zero-point spread of the
phase operator around the Josephson junction and a(a’) is
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the bosonic annihilation (creation) operator, we obtain sin(§¢ cos(wgt)) ~ §¢ cos(wyt). Doing so, we will keep
only up to O(gjpg) contributions in our Hamiltonian
Hupr =ca’a—K a#&z, (A6)  and master-equation calculations. The symmetric SQUID

Hamiltonian reduces to

where €, = /8EcE,; and K = E¢/2. Similarly, the sym-

metric SQUID Hamiltonian can be written as Hsym Z G (! 4 gty (A —iwgt/2 | gt lwdz/z) ,

Ao = —2E;5 sin (8¢ cos(wqn)) =24 (AL0)
(="
X a+a A7
n;Z 2n)! [ozes(@+an]". AT Where Grs = 89E s@ipg/2 and Gus = —8@E s @ing/24.

Now, the asymmetric SQUID contribution in Eq. (A5) can

We will seek a static effective Hamiltonian under the con- be written as

dition hwq ~ 2¢.. Going to rotating frame of the qubit

. - ~ Frasym 2 2 . A
defined through a — ae~ /" and Hy, — Hrt + HSSme + Hgo = —2Eja [1— 8¢ cos(war) /2] sing, (Al
Frasym .

Hgq ", we obtain where we made the following approximation, cos(d¢ cos
. , (wqt)) ~ 1 — 8¢p* cos?(wgqt)/2. Similar to the symmetric
Hy=6d'a—Ka" a?, (A8)  case, we will keep only up to O(g;p) terms in our
calculations. Taylor expanding sin ¢, we obtain
and
. 2 2
Hgy = —2E; 5 sin (8¢ cos(wqt)) ™ = —2E;, [(1 _ 5%) _ %(eﬁwdt + eZiwdt):|
=" A —iwgt/2 | AT jogt/2y12"
X Z —— [@zps(ae™ "> + 4| ™, R
2! (w - ;) (A12)

(A9)

where § = €. — hw,/2. For weak modulation depth such  Using ¢ = ¢zps(a’” + @) and going to the rotating frame
that 8¢ ~ ¢zps, we can make the following approximation, [see Eq. (A9) for reference], we obtain

\ asvim 8¢? 52 . 4
H:;sg — _2EJA |:<1 _ %) _ %(ebwdt 4 e—2zwdt)]

|:<Pzps (G ef@dl? 1 Geivat/2y _ ‘Pzps (A, iwgt/2 4 4 e—iwdt/2)3i| ) (A13)

Since we consider §¢ ~ @zps, terms containing go%PSSgbz would have an order comparable to ¢3¢, which can then be
dropped. If we drop all of these terms, we get

~ asym S¢p? LY .
HQ™ = —2Eya [(1 — %) - %(ez'wdf + e—z'wdf)}

o
[(pZPS(&Teiwdt/z 4 &e—ia)dt/2)] 4 2E [ ;PS (&T iwgt/2 4 ae—la)dt/Z) i| ) (A14)
We can rewrite the above Hamiltonian as

ﬁlg‘j{“‘ _ (G1,s n él’s(eZiwdt + efziwdt)> @te @ 4 jemioatl?y 4 G3’S(aTeiwdt/2 T Geieat/2)3, (A15)

where Gis = —2E;a@zps (1 — 8¢?/4), Gis = Eyngzrsd¢?/4 and Gy s = Ejagips/3.
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1. Dilution of the Kerr coefficient

As shown in Fig. 9, we consider M number of identical
STS coupled in series. Each STS has N number of identical
junctions in the transmon branch. We argue that the circuit
is only a function of a single degree of freedom ¢ although
it consists of M (N + 2) Josephson junctions. This can be
done since the plasma frequency 2, = \/8E,Ec, /h, where
Ec, is the charging energy associated with the junction
capacitance C,, is sufficiently higher than the frequency
at which the dynamics we are interested in occurs. In this
case, the dynamics coming from the extra degrees of free-
dom pertaining to each Josephson junction will oscillate
fast compared to that of the mode ¢ and can be integrated
out [47]. The Hamiltonian is given by

2 FysSym sy / (0
Hy, = H|, =4E:n" — NE), cos I

— 2ME]; cos ¢, cos %, (A16)

where E(. ~ E¢ due to the large transmon capacitance and
N = MN. Taylor expanding the sine and cosine up to
fourth order in @zps for the phase operators and dropping
scalars gives

. ) Lo\ 1 /o)
Hi' = 4ECi + NE, [5 (%) = ()

1o\ 1 /¢\

(A17)

Ifweset Ej, = E,/N and E; = E'; /M, we can rewrite the
Hamiltonian in terms of £, and E; as

FrSym A2 ‘2)2 1 @2 2
Hlab = 4Ecl’l +E]2 5 — 47 (ﬁ)

A2 /\2 2
+2EJcos¢e|:¢ 1<§i)] (A18)

21 4\ M
Cr

In I

o -
I~ LA~ | - LS =X - -
J J,

I 12 r M2

Ji3 I3

FIG. 9. Multiple STS circuits in series.

We note that this is the same form as with the single-
junction case, except that the fourth-order ¢zpg terms now
have an extra 1/M? or 1/N? factor. The new expres-
sions for the zero-point phase spread, Kerr coefficient and
two-photon drive strength are

1
2Ec\* gy
Qzps = = N3@zps,

i (A19)
K = —Efj]‘\’éf’s — % (A20)
Grs = (%DEﬂP%Ps = \/WNG/LS: (A21)

and
Gas = _00Eims _ N (A22)

24M2 T M3

2. Zero-point phase spread and modulation depth

In this Appendix, we will discuss the limit set by weak
zero-point phase spread and modulation depth in the static
effective Hamiltonian of the STS design. First, we start
with the zero-point phase spread. So far we have only
considered each harmonic to the leading order in ¢ satisfy-
ing the RWA but there are higher-order terms suppressed
by the zero-point fluctuation, (2Ec/E;;)"/*. For exam-
ple, the term hwq ~ 2¢. can stabilize the squeeze drive as
well as terms coming from ¢* and ¢°. Those corrections,
respectively, are given by

1
_& (2Ec\ o ata
2 (EJZ) {a +a°,142a a}, (A23)
and

& (2B ar 22 1 4 ata it

360 (EJZ) ({a +a°,1+2a a} (1 + 2a a)
+ (a%a* + a*a™ + 4a'aata + 4aa + 1) (a? + &%)
(A24)

Therefore, it is desired to increase the ratio £;,/Ec not
only to increase the number of bound states but also to
suppress those unwanted terms. The first term tends to
compete with the squeeze drive (due to the alternating
sign in the expansion of cos®) and leads to a smaller
cat. The second term tends to assist the squeeze drive.
We can estimate their contribution by projecting them to
the cat space and using afa ~ «®. However, their contri-
bution is very small for ¢zps << 1. The other correction
we must consider is the sixth-order nonlinearity competing
with the Kerr coming from the expansion of the trans-
mon Hamiltonian. Keeping the sixth-order term, Eq. (A8)
becomes
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. K (2Ec\"?
Hr~—Ka'a® + 3 <—C) at’ (A25)

Epn

where we considered, § = 0. This term like all the higher-
order terms is suppressed by the zero-point fluctuation
squared (i.e., ~/2Ec/E;). However, this sets a limit on
how big the cat size can be before this correction can be
neglected. If «/9 (2Ec/E;)'/* ~ 1, then the anharmonic-
ity terms are almost on an equal footing, which sets a very
large bar on the cat size.

In the case of modulation depth, the approximation
sin(8¢ cos(wqt)) & §¢ cos(wqt) is valid for two reasons:
(1) the modulation depth §¢ (< 0.2) is very small; (2) most
of the higher-order terms do not satisfy the RWA. In gen-
eral, we can use the Jacobi-Anger formula to examine the
harmonics:

sin(8¢ cos(wqt)) = Z 8¢p™ cos((2n + Dwgt), (A26)
n=0

such that

8™ = 2(=1)"J2511(89)
(— ¥

=217 g KT Q2n+k+2)

(5¢/2)2n+1+2k,
(A27)

J

where J,, is the mth Bessel function of the first kind.
Since only odd harmonics contribute to the expansion of
8¢™ and cos(¢) is an even function, the leading-order
static terms for each harmonics are a2, a°, . . .. Focusing on
the squeeze drive, we can calculate the amplitude to any
desired order of the modulation depth as

(A28)

2 4
62—)62(1—(8¢) +M+)

8 192

The second nonzero harmonic is 3Awy = 2¢., which stabi-
lizes &6(?1T6), giving a correction to the SQUID Hamilto-
nian
oo AEC 276 | At6
I‘](S:OQI.r ~ —3TJ2628¢ (a +a ) (A29)
For4Ec/3E;, = 1073 and 8¢ =~ (0.2), the correction from

this term is around 107> times smaller than the leading
squeeze drive strength.

3. Static effective Hamiltonian

The STS Hamiltonian (which includes the contribution
from the transmon, the symmetric and asymmetric part of
SQUID) takes the following form:

A =sata— Kaa® + Z Gs(ed" 4 e7iodt) (ae—iwdtﬁ + a4t eiwdt/2)"

n=24

4 (GI,S 4 Gl,s(eziwdt + e—2iwdt)> (&Tei(udt/Z 4 &e—[wdt/2) + G3,S(aT€iwdt/2 4 &e_iwdt/2)3.

(A30)

The time-independent part of the STS Hamiltonian is given by

Hy=68d'a— Ka"& + (Gos + 6Gas) (@ + &) + 4Gas (a*sa n a*aﬁ) .

(A31)

We will break the time-dependent part of the total Hamiltonian into different orders in ¢zpg contributions:

0sc ( | (3)(1‘)) = Gss (3671-&)‘”/2& + e 3wal253 4 367"""1’/2&"&2) +h.c.,

(4)(0 — G4,5<6 (eiwdt + e—iwdt) ata + e~ 2iwat ;2 + (e—i(udt + e—3iwdt) a4 +3 (eiwdt + e—iwdt) a’rzaz) +he.,

(A32)

where H® represent the O(glpg) contribution. osc (g(£)) = g(t) — fOT g(t)dt is the oscillating part of g; T is the period-
icity of g(#). While writing Eq. (A33), we neglected all the scalar terms. The first- and third-order terms originate from
Hgy" whereas the second- and the fourth-order terms originate from Hgj'.
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We follow Ref. [53] to obtain a time-independent Hamiltonian at different orders of ¢zps using a generalized Schieffer-
Wolff transformation. The canonical transformation that leads to an effective time-independent Hamiltonian is given by

. 1 o
H = els(f) + / deets (S (1)), (A33)
0

where S‘(t) is the generator of the transformation and ZS(O(t)) =1/ ih[S‘(t),@(t)], where @(t) can be any operator.
Expanding the above equation, we find the following expressions for the total system Hamiltonian at different orders
of zps

HO =0 since HO = 0,

']_A‘(l) — [f](l)(t) + 8t3’(1)’

- A I oy A J A -
HO = A ) + = [S“),H“) +57 [S<1>,3,S(1)] + 9,89,

HO = AD @) + % [g<1>,g<2>: n % [§<2>,g<1>] n 2'(11_71)2 [gm’ [3'(1),121(1)]]

1

4 ﬁ ([3(1),&3(2)] + :3(2),813(”]> + 3,(1;71)2

[Sm, [SUL aS‘”]] 19,89, (A34)
and

HD = F@ 4 [S(l)’[f[G)] + [3'(2),[:](2)] + [3(3),1:](1)] + <[3'(1), [S(l)’[f[@)]] + [S(l)’ [S(Z),If](l)]]

21(ih)?

A Ay A | B A Ay A 1 /4 A A A A A

FD B0 AON) 4 3 B0 B0 80 AV 4 2 (87,0871 + 57,0871 + 57, a51)

L
31(ih)?

(130, 130,831 + 3, 132,33V 1 + 39, 137,03 1) + 8.5, (A35)

where we expanded S H=>, NG (¢) at different orders of ¢zps and we choose

SO = —/dtosc <ﬁ(1)(f)> ;
§9() = _/dtosc (p]@)@ L1 [S‘(l)(t) ﬁ(l)(t)] 4 [Sm(t) 3S‘<1>(Z)]> (A36)
lh ’ 2lh . ,

and so on. Note that all the terms in /" (f) are time dependent. The time-independent terms were all added to Eq. (A31).
We find,

Sv(l) — ﬁei(udt/Z |:G1,S (aT —&e_iw"t) + GI,S&T (éeZiwdt _ %e—Zia)dt> + GI,S& (%eiwdl‘ _ ée_:ﬁwdt)] ) (A37)
wq

For S@, we obtain

] iGas oor v 2iGas 1. B
S(Z) (t) — ﬁ(aTZeZI(udt _ aZe—Zla)dt) + ia’i‘a(elwdt —e l(udt) + cons. (A38)
2wy Wy

Similarly, at O(¢3p5) we have

) . 1 Farr 1 Fa B TR o
0 = —/dtosc (H<3>(t)+ﬁi [S<1>,H<2>] - [S<2>,H<‘>] 5 ([S“Latsw] + [S@,atsm])), (A39)
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where we used [3'(1), [S(l),ﬁ(l)]] =0 and I:S‘(l), [3'(1), atS‘(l)]] = 0. Since,

6iG3,s
wq

—/dtosc (HP ) =

we find

(eiwdt/Z <a1+&12&) _ piwat/?2 (& n &2&7)) n 2iGs s <e3iwdt/2&7‘3 _ e—3iwdt/2&3)’ (A40)

Wq

R . — 2i ) s OF ; At A A
SO @) = Gy (t)cﬁ—l-g;1 (Ha + 3—G3,Se3’wd’/2aTaTa'+—G3,se’wd’/2aTaTa
(OF] wq

61

— —G3,se_”"d’/22ﬁ&& - 3—G3,S€_3lwdt/zfl&&,

wq

where

(A41)

Ga1 (1) = ; (GI,S Gas <§ o Siwat/2 | 1 lioat/2 | ﬁ Qdiwat/2 | 9 eiwdt/Z)

ﬁa)ﬁ 25

+ Gi5Gos (36772 — 2e7102) + 6wy Gz se“41?)

(A42)

Since all the oscillating terms in H® gets canceled with the corresponding terms in 3,8? and its commutators,
Eqgs. (A34) will be largely simplified. The resulting static Hamiltonian can be written as

i

1

4
A A 1 ra N 1 ra N 1 ra N
Hy = ;_1 H® = non osc <_h [S(l),H(l)] + 7 [S(l), BIS(I)] + 7 [S(]),H(z)]

1

1

+57.050]) + s

[S(l), [S(l), 8IS(1)]] + O((/Jéps)) ,

FR 1 . . A 1
—[s@ H“)] [Su) [Sa) H(”H ( RO
+'h[ ’ +2!(ih)2 T *om (57, 2:52],

(A43)

where non osc (g(#)) extracts the time-independent terms in g(#). We find

. 2G
i (_ 25

wWq

(A44)

- 21<> ata.

Hence, the static effective Hamiltonian up to O(¢7,) is given by

Hs = Hy+ Hy = AdTa+ e (&Tz + &2) K@+ A (zﬂ}a n a%ﬁ) ,

(A45)

where A =§ — 2G§,S/a)d - (24G1’SG3’s/a)d) - 2K, K= Ec/z, € = Gz’s + 6G4’s and A = 4G4,S.

APPENDIX B: STS—MASTER EQUATION

In this section, we will study the dynamics of the STS
in the presence of a thermal environment. The Kerr-cat
Hamiltonian in Eq. (A45) acts as the system Hamilto-
nian. The system bath Hamiltonian in the rotating frame
is given by

I:ISB () =i (&efiwdt/z _ a'keiwdt/Z) é(l‘), (Bl)

(

where B(r) = Zj ih; (Z)je"""ﬂ — l;;e"‘”ﬂ>, i)j (Z)]T) are the
annihilation (creation) operators of mode j of the bosonic
environment and /; determines the system-bath coupling
strength. The system-bath Hamiltonian, H sg(?) is inde-
pendent of the zero-point spread of the phase operator
(O(wgps)). Similar to the case of system Hamiltonian,
we do the generalized Schrieffer-Wolff transformation to
the system-bath coupling Hamiltonian at various orders of
zero-point spread of the phase operator. We find
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~o) A
H(SB) = Hsgp,

~ 1 ra A ]
Hp = = |8V, Hss |,

SB ih L SB_

1 ra 7 1 ~ ~ N
) (2) (1) (1)
= —[3@ H. —[S ,[s A ]]

Hsa = il 8] 21Gm)e 5

~ 1 ra A N N N
") = — (39,8 (30, 15@, 41

B = 7 | SB | + 20(ih)? [ [ szl

+[s~<2>,[s<l>,ﬁsgn)

3G h)3 58N, 8V, 180, Hsplll.

(B2)

We dropped the time dependence of the generator and
the Hamiltonian, for the sake of simplicity. Since, both
SO and H 58, are linear in the annihilation and creation
operators, HSB will be a scalar and would not contribute
towards the system-bath dynamics. By the same reasoning,

81G3 S
Wy

(3)() —

[S*U), [S(U,[fISB]] = 0 and hence

SO0 E
A [S'7(0), Hsp(D)]
_ B0 Hss0] B3
() = - (B3)
which simplifies to
He) iGys At Siwgt/2 | A —3iwgt/2
() = — {3(-a'e + ae )
d
+ 2(—aed? 4+ ate™ )  B(r).  (B4)

The asymmetry in Josephson junction has no contribution
on the bath-induced dynamics of the system till O(q)éps).
Disregarding the scalars, the system-bath Hamiltonian at

O(g3ps) is given by

Similarly, the fourth-order contribution (O((péps)) can be simplified to

(4) D) =

1
[S<4>(t) HSB(t)] R

where the fourth-order transformation is given as

[[320.[3% 0. frs0] ]|+ [3V0, [59 @, frss0] ]}

A0 = - [390, Asso)] (BS)

which evaluates to
( —zwdta2 _ eiwdta‘{'z) . (B6)
(B7)

R R S(l)’]f](3) S‘(Z)’If[(Z) 3‘(3),]9(1) 3‘(1)’ 9 L§‘(3) 3’(2), 9 L§‘(2) 3'(3), 9 3‘(1)
90 = = [Lose (o BB SR EOAD) | $108%) | 57087 | 50.080)
i i i 2i 2i 2i
(B3)
After some calculations, we obtain
13G2 24G, sG 12G 4G 12Gy5 .2 .
@ N s 25~ 1,5G3.5 4.5 at 4.5 A3 45 ~i24 \  iwg1)2
SB(t)—l{<2h2w(2ia Pl a a+hwda + oo a“a) e
18G 11G3 12G, sG 12G .
+ 4,S&_ ZS&T 1S23SAT+ 4S& 21 e_,3wdt/2
ha)d ﬁza)d Shz ha)d
13G35, | 4Gi5Gss, | 4Gus 53 o-is -
=a e~ & | e @2 L B(f) + h.c. B9
+ <3h2w§a+ 3712503 at 3hwd ¢ (0 +he (BY)
The total system-bath Hamiltonian
4
Hs(®) =Y Hep(@). (B10)

k=0
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We start by writing the system-bath coupling Hamilto-
nian as

Hsp(t) = Y Au(t) ® By (1), (BI1)

a=I

where l§a (H = f?(t) for all «. In addition, we group the
system operators such that A,(t) = Ay(t) for the sake

of simplification. We also define 210( = 20(('[ = 0). In the
interaction picture, the system-bath coupling Hamiltonian
will read as

7:(33(1) = e%ﬁst,’:[SB (f)e_%‘ﬂst
Y 6 8,0 = 50 0 0
(B12)

where B, (f) = B, (7). In the interaction picture, the Liou-
ville equation for the density matrix can be written as

dp() _

" (B13)

— [ﬁsg(t),;%(t)] .

Integrating above equation on both sides with respect to
time, we obtain

i

t A
pi)=—% / |:HSB(f/),,5(f/):| dt +p(0).  (Bl4)
0
Substituting Eq. (B14) in Eq. (B13), we obtain

23 s A
% =1 [HSBa),ﬁ(m]
1 t 2 A
-5 |:HSB(f) [HSB(f),ﬁ(f)]]dt’- (B15)

Tracing out the bath degrees of freedom from both sides of
above equation, we get

dt h

1 2 A
— ﬁTrB/ |:HSB, |:HSB(Z‘/)»/5(/)1|:| dr

(B16)

5@ _ i [Hsgm p(0>]

Considering macroscopic and bulky environment, we
can assume that the bath dynamics is fast and there is
no change to bath statistics due to system-bath coupling.
Factorizing the system and bath degrees of freedom in the

density matrix, we have
p(1) = ps() ® pp. (B17)

Equation (B16) reduces to

d 5 i 2 N ~
50— iy |:HSB(1), 50 ® ﬁa}
1 t 2 R R
~ / [HSB(O [HSB(t’),ﬁs(t’) ® ﬁBH dr.

(B18)

The above equation is second order in ’FKSB and all the
higher-order terms are neglected. This leads from the
approximation in Eq. (B17) and is known as the Born
approximation. The first term on the right-hand side of
above equation vanishes since

Trg [B()/n(0) | = 0 (B19)

Using Egs. (B12) and (B18), we obtain

d
,Ost(f) _ Z/ dr TrB A (t)®B ®,

[4s) © o). by @ ]| (B20)

Expanding the commutators, we obtain

dps(0)
dt

A

Z / dt A DA ps(t)Try [i? r)B,su’)ﬁB]

— Ay DS Ap () Ty [ Ba(0 By (1)
— Ap() s () AT [ By sBa(0)]
+ s A0 Tty [ b B.0]]. ®21)

Using the cyclic property of trace and organizing the bath
operators, we obtain

dp 1 ! 2 S R
p;t(t) TR ;fo dr [C“f‘ 1) [Aa(f)aAﬂ(f’)ﬁs(t’)]

+ Cult0 [hs) s, A 0], B2

where

Cup(t1, 1) = Trp [éa(fl)fgﬁ(lz)/%ls] . (B23)
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Since, |:7:(B513B:| =0, we have Caﬁ (t1,h) = Caﬂ (t1 —

) = Cyp(t), where © =t — t,. Further, assuming the
bath operators in the contact Hamiltonian to be hermi-
tian, i.e., B, = BZ, we have Cyp(7) = C:;a(—‘t). We will
assume that the system density matrix varies very slowly
compared to the decay time of the bath correlations. This
assumption leads us to the first Markov approximation,

dps(2) 1 L 1A A3
B0 & |t [Cono [uto.dsriso)

+ Cpo—D) [Bs0dp) Au]]. B24)

where we replaced ,35 () with ,35 (9. Since, the bath corre-
lation function decays rapidly, the integration limit can be
extended to  — oo without affecting the dynamics. We are
only interested in the time far longer than the characteristic
decay time of bath correlations. This is the second Markov
approximation. Using the two Markov approximations the
master equation is given by

dps (1)
dt

_ _% 3 /OOO dr [ Cup() [ﬁa(z),ﬁﬁ(t 0]
of

+ Cpu—0) [Bs0dp =0, 4,0]] . B25)

The general form of A g can be written as

Ap(v) = id) Rge™s™ — R emo8m),

Going back to the Schrodinger picture, we obtain

dps(t) _ i
dt R

_ % 3 /OOO dr [caﬂ(r) [Qla,ilﬁ(—r)ﬁs(t)]
ap

[Hs. s

+ Caa(-0) [5s0dp (-0, 4] (B26)
Since  Bu(1) = X, ity (e = bjeT),  Cup(t)

reduces to

Cop(®) = Trg [ Bu(D)Bp00
= Z |hj |? [e"""ff (1 + n(a)j)) + e[wffn(wj)] ,
J

(B27)

where n(w;) = Trg [éjgj ,03] is the Bose-Einstein dis-
tribution function. Next, we will demonstrate the cal-
culation of up to (O((p%PS)) master equation, i.e., for
Hgp = Hsp + HY). Note that, ), which is the first
order in ¢zps contribution, is a scalar and does not induce
any dynamics. In this case, we have

;‘il(f) — i(ae—ia)df/Z _ &Teia)d‘r/Z) ,

~ 3iG2’S Y . )
Az(‘L’) = o (ae 3iwgT/2 _ a’reSzwdr/2) , (B28)
1&3('[) = 2;(;2’3 (_aeiwdf/z + alv'e—ia)d‘t/2) )
Wdq
(B29)

where A(ﬁo) is a constant. This rewriting of the system operator will hugely simplify the calculation later when we

encounter multiphoton effects while considering 7:‘(53133 and H

)
SB*

The general expression for the integrals in Eq. (B26) can then be written as

iA®

1 [ .
L= ﬁ/() Cop(D)Ag(—T)dr = ﬁ

n @)Ky 27 I P8 (—wp — wp) | —n'(@pX] |27 Y 1y P8 (e — @)

J

+ (@)X | 2m Y 1y 28(ey — wp) | — n(w)X] | 21D 11 P8(ws + @) | ¢

J

J

(B30)
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where n'(w;) = (1 + n(w;)). Similarly,
iA®

1 © ~ ’ ’
Ig= ﬁ/o Cop(—T)Ap(—T)dT = ﬁ n () Xp |27 Z hi128(w; — wp) | —n (a),))(ﬁT 27 Z |k 128 (wp + @)
J J

+ (@)X | 2 ) Iy P(—w; — wp) | = (@)X | 27 ) Il P8(wp — @)

J J
(B31)
Defining the spectral density of the bath as
2 2
K@) == > 18w — ), (B32)
J
we obtain
- 0(0) $ - 0(0) T
. idX / idPx]
=" (n(wp)k(wp) + n'(—wp)k (—wp)) — —n (' (wp)k (wp) + n(—wp)k (—wp)),
. . (B33)
L iAPK idPX)
Ip=—0 (n' (wp)k (wp) + n(—wp)k (—wp)) — o (n' (—wp)k (—wp) + n(wp)k (wp)) -
Using above equations, Eq. (B26) reduces to
dﬁs(f)_iﬂA R 5 (D A B34
== = == [Hs.ps0) = 2 ([ A Tiphs )| + | 55015 4u ) (B34)

7

Let us consider one of the possible cases,« = = 1, such that 4, = 4, =i (a — &T),Ag’) =1,X5 = —&T,XﬂT = —a, and
wg = a)d/2. We find

. —ia' ia

I1 = Ty(iwd/z) + EV(:Fwd/z), (B35)
where we defined the transition rate as y (w) = k (w)n(w)/h. Similarly, we can calculate the integrals fiﬁ for all 8 and
substitute it in Eq. (B34). After some calculations, we obtain

dc% - %[H“'@S(O] + %K(wd/z) {n(wd/z)l) |:aT+2th’s a] ps(0) + [n(wq/2) + 11D |:a + 2th’3 aq ﬁs(t)}
w4 Wy
1 (3Gys\* . A
A ) K 3wq/2) {n(Bwa/2)Dla"1ps(®) + [n(Bwa/2) + 11Dalps (0} - (B36)

The above master equation is (’)(go%l,s). In order to go beyond second order in ¢zps, we will consider the higher-order

contribution to the system-bath coupling Hamiltonian. Taking 7:[83) and ﬂgg, we obtain the effective Lindblad master

equation given by
3,4

dpg

dt

= %K(wd) {n(wdm [875 - aﬂ ps(0) + [n(wq) + 11D [SG” &2] ﬁs@}
Wy haqg

3G3s .. 24G5Gss .. 12G 4G 12G
S At 1,803,814 4.8 A 4,8 43 48 212 | bels
ot T et e T et T Thay 4| PO

1
+ 7 x(@a/2) {n(wd/Z)D |:
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3G§ s 24G1,SG3,S&

12Gus ;i 4Gas s

2w

+ [n(@q/2) + 11D [ o

ha)d ha)d wq

12Gy s .
&+ At :|Ps(l)}

1 18Gys .. 11G3g.  12GisGis.  12Gas .2,
—k(3wq/2) { n(3wq/2)D 24t ——— ikl ava | ps(t
+ hK( wq/ ){n( wq/2) [ hos a o a R a—+ o, Ps(1)
18Gys, 11Gig, 12GlngsA 12Gus 500 |
3 2 11D il AT af ata? /
+ [nBwa/2) + 1] |: o - P a EEp o ps(f)

1
+ ﬁK(Swd/z) {"(5%’/2)@[ R 2

G; 2.5 - 46;1,SG3,S&

5G3s . 4G 5Gss .+ 4Gus .3 | .
234t a? '*377@ a" | ps(o

3w 2“

5
+ [1(504/2) + 11D [ Vol

4G4SA3 ~
t
+3hw :|,Os()},

(B37)

where the terms in the first line are O((p%PS) whereas the latter terms are O((péps).

1. Single-photon processes and RWA

The master equation in the RWA can be written as

A ity .7 1 -
s = Ls = — | Hs. s | + prn(@a/2)DLa"1ps

1
+ i_’LK(l + n(wa/2))Dlalps, (B38)

where £ is the Liouvillian. We consider the spectral func-
tion to be energy independent such that « (w;/2) = k. First
we will calculate the eigenstates and eigenventors of H,

Hs lvi) = o |y . (B39)

The lowest energy eigenstates of the Hamiltonian are given
by the degenerate cat-state manifold woi = CZ. The lowest
eigenvalue of the Liouvillian (1) will give the coherence
life time of the qubit, Ty = [—ReA]~!. The Liouvillian can
be calculated from the master equation,

A

[ T~ 1
L. = _711 [Hs, ] + ﬁKn(wd/Z)D[&T]'
+ %K(l + n(wq/2))Dla)- (B40)

Following Ref. [14], we separate out the population and
coherence subspace, we have

pop—{ll/f Y U L 1) (Wt -
Beon = {1, (W . 195 (Wb 1.

} form > 0,

} form > 0.
(B41)

We do not need to consider all m, since the higher-lying
states have smaller probabilities of getting populated. For

(

example, for €, = 0, all the states with o — w, > « are
beyond the reach of being excited.

Furthermore, we observe that under single-photon loss
and gain, the master equation corresponding to popula-
tion and coherence are decoupled. Hence, we can study
the decoherence mechanism separately from the popula-
tion. In addition, the change in gs is induced by the change
in coherent state, the population states describe the steady
state of the Lindbladian. The density-matrix vector takes
the following form:

+ + + T

[/’s,o Ps1 Psp - Psfo Psfl PgF,z ] )
(B42)
where ,ogfm = (Y,}| ps |¥,,). The corresponding Liouvil-

lian superoperator is given by

L=10Ly+1Lp, (B43)

where H(D) determined the unitary (dissipative) part of the
Liouvillian. First of all, let us calculate the unitary part

=i (W [Fs. s | 1) = =i (0 —00) 92, = =160

(B44)

where §,, = o) — w,. Note that, o] —w, =8 = 0.
Hence, in the block diagonal form,

Ly = [_OA g} : (B45)
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where
0

i8)
A= is, . (B46)

To calculate Lp, we first calculate (W D[f)] ps |¥,,) for a general operator O. We can write jg in the Beon basis and
rewrite above expression as

(Wk | DLOVAs 1) = (W1 O | D 0 1) (Wl 1] O 1y,
apf,i

— = w* OO > oy Wl + | D e lwey il 1| 010 | 1v,,). (B47)
af,i af,i
where «, 8 = +, —. With further simplification, the above equation reduces to
Al A PR | i n
Wi | DIOVAs 1W,) = 3 (0l 1O (W 107, o5 = 5 | D20, 10" 1) pSm+Z (Wh1 00 \v,,) pdl,

api o

(B483)

The « in the second summation can only be + and the § in the third summation can only be —, so the second and third
summations can be dropped and we obtain

A A A 1 Ay a PP
W DIOYAs [v) = Y Wil O1we) /10" ) 8 — 5 [ 0101w + (1 001w | o, (B49)
af,i

Substituting Eq. (B49) into Eq. (B40), we can rewrite the dissipative part of the Liouvillian superoperator in the matrix
form as

Lo = k(1 + n(@4/2)) [‘BA _BA] + kn(wa) [‘DC _DC} , (B50)

where the block matrices A, B, C, D are given by

Ao Boo  Boi Boz Co Doy Dor Doz
Ay Bio B Bn G Dy D Dia
A= 4> B=1By By Bxn ,C= G D=1Dyy Dy Dn ’
(B51)
where the entries for each matrices are given by
1r A P 7 A A
Ap =5 | W1 OO W) + (W, | OO, |, Bup = (¥, 1 O 1) (0, 10T W), (B52)
and
Ir . n PO . .
Cn =5 | V| 00" 15,) + (W, |00 [9,) |, Dy = (W, 10" 14, (¥, | O1,1) - (B53)
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2. Beyond RWA and multiphoton processes

The Liouvillian that we want to calculate is for the master equation up to ¢;pg, which includes multiphoton effects

ot h

R\ hwq

h\ hog

The Liouvillian for the unitary part is the same as in
the single-photon case. The effective Liouvillian for the
decoherence part is

Leg = Ly + Lpy + Lpz + Lo, (BS5)
where
. —A> B
Lp; = 7—i/c(a),-)(1 + n(w;)) |: B _AD{|
1 _CDi DDi
+ ﬁ;c(a),-)n(a),-) [ DV _CDi] . (B56)

In the above equation, we defined w; = wq/2, wy =
3wq/2, and w3 = wqy. The matrix elements of the matrices
A, B, C, and D are given by Egs. (B52) and (B53) by suit-
ably replacing the operator 0 by the corresponding single-
photon or multiphoton annihilation and creation operator.

For instance, in the case of Lps, 0= (G3’S / 8hwd)2 a* for

the matrices A and B, and O = (Gss/ 8hwd)2 at? for the
matrices C and D.

3. Effect of dephasing

In order to understand the effect of dephasing on 7,
we add an extra term to the master equation, y,D[a’a]ps,
where y,; determines the dephasing strength. In Fig. 10,
we plot the lifetime as a function of the two-photon drive
strength for different values of the dephasing strength. We
consider 10 STS connected in series with a single junc-
tion in each branch. The dot-dashed purple curve done for
no dephasing matches with the plot in Fig. 4. However, we
observe a reduction in lifetime when the dephasing is intro-
duced. Although the lifetime follows a staircase pattern,
the lifetime where the plateaus occur are reduced. Fur-
ther, the reduction is not linear as a function of dephasing
strength. We find that for y,/K = 107°, the lifetime plot
(dotted red curve) runs very close to the plot for ys = 0.
However, the lifetime gets drastically reduced for a tenfold
increase in the dephasing strength (black dashed curve).
The reduction is even more significant for y;/K = 10~
(solid blue curve) to the point that the lifetime for the

i 1 2G
— = —L[Hs,ﬁs(t)] + ﬁK(wd/z) {n(a)d/2)D |:&Jr+ Fivg

1 (8Gss)’ f
+‘( 3’8) k(@a) { @ DIa" 155 + [1 + (@I DLa*1hs |

2,8 2,S

2Gos o4 | 4
a
heog Ps

a} ps + [1 + n(wa/2)]D [a +

1 (3Gas\?
+ ‘( 2’5) (3wq/2) {n(Gws/2Dla"1ds + [1 + n(Gws/2)1Dlal s}

(B54)

(

two-photon drive strength €,/K & 2 is almost the same as
for the two-photon drive strength €, /K = 10.

4. Effect of stronger modulation depth

In this section, we will study the effect of higher-order
terms in modulation depth to the master equation of STS
taking symmetric junctions. If we have a stronger modu-
lation depth, we must further expand sin (8¢ cos(wy?)) to
third order, giving us a modulation depth of

1
sin (8¢ cos(wgt)) & d¢ cos(wgt) — 5[8(,0 cos(wdt)]S.
' (B57)
This modifies the Hamiltonian in Eq. (A4) to
[:Ilab = 4ch12 — EJ2 CcosS (ﬁ

1
—2E)5, |:8g0 cos(wgt) — 5[8(,0 cos(wdt)]3:| cos @,
(B58)

10*

62/K

FIG. 10. T, as a function of the two-photon drive strength
€,/K in the presence and absence of dephasing for different
values of y,;. We use the same parameters as in Fig. 4.
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where we assumed E;, = 0. We write cos(wyt) in terms of exponential and Taylor expand cos ¢ to fourth order to obtain

21 " 4l
(B59)

. So . . S’ .. 4 . A 72 ot
Hup = 4Eci® — Ejy cos ¢ — 2Ery [Tw(e'wd’ 4 eioaty _ %(63“’"” F 3efedt 4 3eiodt 4 e—3'wdf)} (1 vy ‘p—> :

If we write ¢ in terms of annihilation and creation operators as well as drop all scalars, we will get the Hamiltonian

R ) ) 3 ) ) § 3 ) ) 2 4
Hip = ec&T& —K&Tz&z —|—2EJ2 |:(_(ﬂ _ i) (ezwdt 4 e—twdt) _ %(e&wdt + e—3zwdt)] |:¢§["S (&T + &)2 _ (pil;’S (&T+a)4i|

2 16
(B60)
Now if we move to the rotating frame using @ —> ae~*“4/? and rearrange some terms, we obtain
Hy = 8dTa — Ka &, (B61)
and
Frsym S(P 8(p3 iwgt —iwgt 8(p3 3iwgt —3iwgt
HSQ =2EJ2 T—F (6 +e )—K(e +e )
qoz o s . @4 . .
|: ;’S (avelwdt/Z + ae—lwdt/Z)Z _ Z}')S (aTelwdt/Z 4 ae—lwdt/2)4:| (B62)

for the transmon and symmetric SQUID Hamiltonian, respectively. Following Appendix A 3, we perform the generalized
Schrieffer-Wolff transformation and obtain the following static effective Hamiltonian:

Hs = Aata + (Gos — Gy + 6Gas — 6G, )@ +a>) — Ka''a® +4(Gas — Gyp@'a® +a"a)  (B63)
where Gy s = (8¢Ers¢7p5)/2 » Ghg = (9’ Ers97ps)/16, Gas = —(93p5/12)Gas, G g = (#7ps/12)Gh g, and the detun-

ing, A =6 — (2(Gys — G’z,s)z) Jwq + Glz%s /9wq. Similarly, the static effective interaction Hamiltonian is given by

. Ejs@ips [3 8¢3 ‘ ‘ 58¢° : ,
Hep = M [_ (5§0 _ %) (aTel@atl? _ pe—Buat/2y 4 _(p(aTe—ISwdtﬂ — aeeatl?)

iog |2 144
118> , _, , s¢? : : .
4 57g60 (ae—ﬁwdt/z _ aTeﬂ(udt/Z) + (8(/) _ %) (&etwdt/z _ &Te—lwdt/Z)i| B(t) (B64)

Finally, the master equation up to order g2, is given by

2(Grs — Ghg)

. 1 At . , 2Gas = Ghg) L
0:ps () = —k(wq/2) {n(wd/Z)D [a +—a} ps(®) + [n(wq/2) + 11D [a + ——a ] ps(t)}
h hawqg hawqg

1 [3(Gas — Gig)
h

2
o ] k(Bwa/2) {n(3wa/2)DLa 155 (D) + [n(3wa/2) + 11D[als (1))

2

1 [5G, - .
+ % (871 - > K (5wq4/2) {n(5wq4/2)Dlalps(t) + [n(5wa/2) + 11D[a"1ps (1) }
Wq

2

1 /111G . -
+ ﬁ (367;’5) k(Twq/2) {I’l(7a)d/2)'D[&']ﬁs(l‘) + [n(Twq/2) + I]D[&]ﬁs(l‘)} _ i[HSa[SS(l‘)]- (B65)
wq ﬁ

030338-25



BIBEK BHANDARI et al.

PRX QUANTUM 6, 030338 (2025)

163|= = = N =10, NonRWA, 4 7 0 ‘ ‘ -
—M = N =1, Non-RWA, A # 0 o~ !
M = N =1, Non-RWA, A = 0 ke
weeM=N=1RWA, A=0 e .
10%+ P 1
R K
/
/ :
= 101 ] -:-----m.-.mm'.ﬁ: ............. - H
E /’.-: 1
e

EQ/K

FIG. 11. T, of the Kerr-cat qubit as a function of the two-
photon drive strength €, /K under strong modulation depth. The
purple dot-dashed curve is obtained for 10 STS connected in
series with N = 1 number of junction in the transmon branch,
which results in a small Kerr coefficient, K/2 = 1MHz. For the
rest of the curves, we consider M = N = 1. The solid red curve
is obtained by going up to O(8¢?) in the modulation depth and
includes both non-RWA effects up to O(¢§PS) and effects due to
finite A up to O((péps). For A = 0, we have the dotted green and
dashed blue curves obtained with RWA and taking into account
the non-RWA effects, respectively. We chose Ec/h = 100MHz
for this calculation only.

In order to understand the effect of stronger modula-
tion depth and higher Kerr-nonlinearity on the the lifetime
of the coherent states, we plot 7, for N = 1, i.e., K/h =~
50 MHz (i.e., Ec/h = 100 MHz) under different consider-
ations in Fig. 11. This allows us to investigate the strong
modulation depth regime (up to third order in §¢) with
M = N = 1. The solid red curve gives the T, plot tak-
ing into account higher-order modulation depth corrections
to single-photon effects, finite A, and stronger modulation
depth. The solid blue curve in Fig. 5 was obtained for
the same set of parameters but taking only the leading-
order term in the modulation depth §¢. The difference is
a longer first plateau when stronger modulation depth is
considered (compare the plateau for dashed blue curve in
Fig. 11 and the green dotted curve in the inset of Fig. 5).
We find that once we set A = 0, the dip in 7, vanishes
(dashed blue curve). However, T, decreases as a func-
tion of the two-photon drive strength for €,/K = 2 and
finally aligns with the solid red curve before increasing
again. Next, we consider only the RWA terms neglecting
all the higher-order corrections taking A = 0 and find that
the staircase-type behavior of 7, has been restored (dotted
green curve). The first plateau aligns with the case of small
Kerr coefficient obtained with M = N = 10 (dot dashed
purple curve). Note that even when the single-photon heat-
ing and cooling effects as well as finite detuning due to A

are neglected, T, plateau gets longer for higher Kerr coef-
ficient demanding stronger two-photon drive for a similar
enhancement in 7.

APPENDIX C: SQUID KERR-CAT
QUBIT—HAMILTONIAN AND MASTER
EQUATION

In this section, we will study the effective Hamilto-
nian and effective master equation for a driven SQUID
and compare it to the case of STS. The Hamiltonian
for a SQUID with symmetric junctions is given by [see
Eq. (A3)]

If]lab,SQ = 4Ecﬁ2 — 2EJZ Cos (Z) Ccos (];e, (Cl)

where ¢, = ¢, /2 with 2w, /Py being the external flux
threading the SQUID. The charging energy is Ec = €*/2C,
where C is the total self-capacitance of the constituent
Josephson junctions. We observe that for ¢, = /2,
Hyasq = 4Eci?. This implies that the circuit becomes
purely capacitive, and hence cannot be operated as a oscil-
lator around qze = /2. However, a STS acts as a nonlinear
oscillator for ¢z = /2 [see Eq. (A3)] and hence can be
operated around ¢y = /2. The SQUID can however be
operated around ¢, = 7 /4. Let us consider

b = /4 + 8¢ cos(wat). (C2)
72 ' ' I
2
102F 51
1 ) %o 0.2 0.4
10 ' ’ k
/EI? FQ/K(S) i ”
G} .
s 100} /
4
/7
107"} /! —STS
/ - SQUID
N < 7
1072 ~==A--., , .
0.00 0.05 0.10 0.15 0.20 0.25
60/ do
FIG. 12. T, as a function of the modulation depth for a single

SQUID (black dashed curve) compared to the case of STS (solid
red curve) for K/h = 31.3 MHz, ¢y is the flux quantum. In the
inset, we plot the two-photon drive strength obtained for the STS
compared to a SQUID (S) by varying the modulation depth.
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Inserting Eq. (C2) in Eq. (C1), we obtain

~ o 1 o o
Hipsq = 4Eci® — N2Eys (1 — 5¢%/4) cos d + \/;&szJz cos ¢ cosQuqt) + V2E; 5 cos ¢S cos(wat).

(C3)

Following Appendix A 3, we perform the generalized Schrieffer-Wolff transformation and obtain the following static

effective Hamiltonian in the rotating frame:

Hso = Ad'a —

V2E ;592 8%\ 2.y V28QE o} 2
—J: ZPS (1 — T) at g — YU |:<‘P§Ps - %) @ +a

4
4 282 E 59t . 3¢*E; 5 o 5¢° P
9IS i 'y | 4 YOO s les ity gy 4 S Ers s [y 897N a9 e o)
3 192 204 12 4
(C4)
Similarly, the static effective master equation is given by
ap S | w 2G5 | . . 2Gs .. ] .
55 — LM, ps) + 1 (@a/2) n(@a/2)D {af =250 b a4 11 4 n(wa/DID Yo — 2501 b
at h h hwg hwq
2
1 [ V28¢ES @2 . o . Aty A
- (%) K Bwa/2) {nBwa/2)DI3aT+8¢a) ps + [1 + n(wa/2)D(3a + s¢a') ps )
d
2
1 (8¢3/2G e n o
- (‘i’m—wd”) K (504/2) {n(5w4/2)D{a"}ps + [1 + n(5wa/2)1D{a} ps) - (C5)

We can see from Eq. (C4) that the static effective
Hamiltonian parameters also depend on the modulation
depth and has an additional four-photon drive term. The
effects of the modulation depth on the Hamiltonian param-
eters are negligible due to the modulation depth being a
small quantity, so the parameters are effectively constant.
From Eq. (C5) we find that, similar to the STS, there are

(a) AJK =2
1.0
o] 0.5
5} 6 p , T — 0K
g ' . - ElK
S 4 —_— E2K
g -—- E3K
= p)
0.0 0.5 1.0 1.5 2.0
(g'."‘l\‘
FIG. 13.

(

only single-photon heating and cooling contributions at
O((p%PS). However, the SQUID Kerr cat also has an effec-
tive higher-frequency single-photon decay as well as some
additional heating terms that do not appear for the STS.
We find that the rise in lifetime for the STS begins for a
smaller modulation depth compared to the SQUID Kerr-
cat qubit, as shown in Fig. 12. The SQUID Kerr-cat qubit

z

«

20

Eigenenergies

10

—
N 1
w

/K

Energy eigenvalue spectra as a function of the two-photon drive strength €, /K for detuned Kerr-cat qubit with (a) A /K = 2

with the inset showing the energy spectra for £, and E3, and (b) A /K = 4 with the leftmost inset showing the energy spectra for £,
and E3, and the rightmost inset showing the energy spectra for E4 and Es.
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102 10'F . : - : : 7
—RWA(¢)pe) —R}N'A(p“zps)
- Phps PZPS I/"
10'} #ps /
-_—-— ,,‘/
A S S |
1%t === =----_-__ #4 . 1%
5/ &
1071y /
107"k 1
1072 /
........... "~».\:
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/K

FIG. 14. T, ofthe Kerr-cat qubit as a function of the two-photon drive strength €, /K taking K = 14.4 MHz (a) for a SNAIL design

and (b) for a STS design.

has both a larger dip in lifetime and larger plateau than the
STS Kerr-cat qubit when plotted directly as a function of
the modulation depth.

APPENDIX D: LEAKAGE AND ENERGY
SPECTRUM IN DETUNED KERR-CAT QUBIT

We evaluate the energy eigenvalue spectra for degener-
ate energy levels as a function of the drive ¢; in Fig. 13
for the Hamiltonian of the Kerr-cat qubit, given in Eq. (1),
with detuning A /K = 2m, where m = 1 for the left plot
and m = 2 for the right plot. For detuning A /K = 2m,
we get m + 1 separate pairs of degenerate energy lev-
els. Moreover, each degenerate pair that is not the ground
energy shows nonmonotonous behavior as a function of
€,/K, which is demonstrated in the insets of the plots
in Fig. 13 (for A/K = 2,4, we observe two and four
nonmonotonous eigenenergies, respectively).

APPENDIX E: SNAIL AND STS KERR-CAT QUBIT

We compare the SNAIL and STS Kerr-cat qubit with
realistic parameters from experiments. Using the quantum
master equations calculated in Ref. [22], we plot T, of
a SNAIL Kerr-cat qubit in Fig. 14(a) for a Kerr coeffi-
cient of 14.4 MHz, temperature of T,,,» = 82.5 mK, and
decay rate of k (wq/2)/h = 26 kHz. All the other parame-
ters were taken from Ref. [22]. Keeping the coupling and
temperature of the environment the same as above, and fix-
ing the parameters in STS to obtain K/ = 14.4 MHz, we
plot Ty, for the STS Kerr-cat qubit in Fig. 14(b). We take
up to O(g2pg) terms in both cases in the master equation.
Unlike the case of STS where the system-bath coupling
at O(plpg) is a scalar and does not induce any dynam-
ics, in the case of SNAIL it leads to a small reduction
in lifetime [see the dashed orange curve in Fig. 14(a)].

Further, the O(g2p5), which leads to two-photon dissipa-
tive effects in the SNAILs leading to a strong reduction in
lifetime [see the yellow dashed curve in Fig. 14(a)], has
no effect in the lifetime in the case of STS. We observed
in Appendix B that the two-photon heating and cooling
effects enter the STS dynamics only at (’)(goéps) and is
proportional to the asymmetry of the SQUID junctions.
Hence, the two-photon dissipative effects can be mitigated
by making the junctions as symmetric as possible. One
feature that leads to the reduction in 7, of the STS Kerr-
cat qubit is the presence of the extra term A in the STS
Kerr-cat Hamiltonian in Eq. (8) compared to the standard
Kerr-cat Hamiltonian in Eq. (1) [leading to a dip in life-
time for €,/K < 4 in Fig. 14(b)]. In the inset of Fig. 5,
we showed that the effect of A can be canceled by adding
a drive-dependent detuning to the Kerr-cat Hamiltonian
leading to the restoration of the staircase-type lifetime plot.
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