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Dynamical sweet and sour regions in bichromatically driven Floquet qubits
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Modern superconducting and semiconducting quantum hardware uses external charge and microwave
flux drives to both tune and operate devices. However, each external drive is susceptible to low-frequency
(e.g., 1/f ) noise that can drastically reduce the coherence time of the device unless the drive is placed at
specific operating points that minimize the sensitivity to fluctuations. We show that operating a qubit in
a driven frame using two periodic drives of distinct commensurate frequencies can have advantages over
both monochromatically driven frames and static frames with constant offset drives. Employing Floquet
theory, we analyze the spectral and lifetime characteristics of a two-level system under weak and strong
bichromatic drives, identifying drive-parameter regions with high coherence (“sweet spots”) and highlight-
ing regions where coherence is limited by additional sensitivity to noise at the drive frequencies (“sour
spots”). We present analytical expressions for quasienergy gaps and dephasing rates, demonstrating that
bichromatic driving can alleviate the trade-off between dc and ac noise robustness observed in monochro-
matic drives. This approach reveals continuous manifolds of doubly dynamical sweet spots, along which
drive parameters can be varied without compromising coherence. Our results motivate further study
of bichromatic Floquet engineering as a powerful strategy for maintaining tunability in high-coherence
quantum systems.

DOI: 10.1103/5dmn-yjq5

I. INTRODUCTION

The pursuit of robust, high-coherence qubits has driven
remarkable progress in both superconducting [1–8] and
semiconducting quantum platforms [9–14]. Superconduct-
ing qubits, while offering good controllability and scal-
ability [15,16], are more susceptible to environmental
noise and decoherence, leading to shorter coherence times
[5,10]. In contrast, semiconducting spin qubits leverage
atomic scale confinement and material isolation to achieve
significantly longer coherence times [17–20], though their
control and scalability remain technically challenging
[18,21]. However, both platforms face a critical challenge:

*These authors contributed equally.
†Contact author: bbhandari@chapman.edu

decoherence induced by low-frequency noise [1,5,6,10,18,
22–26]. For superconducting flux-tunable qubits, ubiqui-
tous 1/f flux noise limits their static (undriven) operation
to particular flux bias choices that minimize noise sen-
sitivity, restricting tunability [24,27–29]. Similarly, semi-
conducting spin qubits are susceptible to low-frequency
noise in either electric charge or magnetic flux (depend-
ing on the design), as well as decoherence from coupling
to phonon baths [18,29]. This necessitates dynamic error-
suppression strategies such as spin-echo or dynamical
decoupling [30–33].

Recent advances in Floquet engineering—the use of
periodic drives to reshape a quantum system’s effective
Hamiltonian—enable an intriguing approach to address-
ing these challenges by encoding qubit information in a
rotating frame that is dynamically decoupled from the
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low-frequency noise [6,27,28,34]. In superconducting cir-
cuits, replacing static flux (charge) bias with periodic
monochromatic flux (charge) drives has revealed dynam-
ical sweet spots with enhanced noise resilience, enabling
high-fidelity gates [6,8,28,35,36]. Parallel developments
in semiconductor qubits have exploited periodic driving
to suppress charge noise via spin-locking [10–14,24] and
dynamical decoupling from spin baths [18,30,37]. These
successes highlight a cross-platform principle: periodic
drives can help decouple qubits from low-frequency noise
while allowing control. However, existing strategies in
both domains face limitations as monochromatic drives
restrict parameter manifolds [24].

Bichromatic driving has recently emerged as a promis-
ing strategy for noise-resilient quantum control [27,38].
Recent experiments in superconducting circuits leveraged
bichromatic drives to create continuous dynamical sweet
spots, enabling high-fidelity single- and two-qubit gates
[27]. Furthermore, in Ref. [6], bichromatic driving was
employed to suppress static ZZ coupling between Floquet
qubits, helping realize a high-fidelity two-qubit gate.
Building on these advances, we theoretically investigate
how bichromatic driving reshapes the qubit-environment
interaction, either suppressing or enhancing sensitivity
to noise at both low frequencies and the drive frequen-
cies. By studying the interplay between drive-engineered
spectral manifolds and environmental coupling, this work
establishes design principles for decoherence mitigation in
dynamical qubits.

In this paper, we investigate bichromatic Floquet engi-
neering as a strategy for noise-protected qubit operation.
Our analytical framework reveals universal features appli-
cable to superconducting and semiconducting spin qubits
transversely coupled to a noisy environment. Using a
generic two-level system as a testbed (see Sec. I A for
the model Hamiltonian and Sec. I B for the noise model),
we demonstrate that bichromatic driving creates continu-
ous high-coherence manifolds in parameter space in the
weak (see Sec. II A) and beyond the weak-driving regime
(see Sec. II B), where decoherence from 1/f flux noise
is suppressed by orders of magnitude. By deriving ana-
lytic expressions for the ac Stark shift using general-
ized van Vleck (GVV) perturbation theory, we provide a
detailed theoretical analysis of the fast-driving regime (see
Sec. II C). Our analysis directly connects the gap’s sensi-
tivity to external drive parameters, such as the modulation
amplitude and drive frequency, enabling precise identifica-
tion of dynamical regions of low sensitivity to dc and ac
noise (doubly sweet spots).

A. Driven two-level system Hamiltonian

We consider the system Hamiltonian (setting � = 1) of
the form

Ĥ(t) = −wq

2
σ̂z + d(t)

2
σ̂x, (1)

where the first term on the right-hand side is the undriven
qubit Hamiltonian. We define the Pauli operators as σ̂z =
|g〉〈g| − |e〉〈e| and σ̂x = |g〉〈e| + |e〉〈g|. We parameterize
the external drive, d(t), as

d(t) = � cos(ν) cos(N1ωt)+� sin(ν) cos(N2ωt)+ b,
(2)

where b is the dc component of the drive, � sets the ac
drive strength, and ν is a time-independent mixing angle.
We consider commensurate drive frequencies, N1ω and
N2ω, by choosing N1 and N2 to be integers. We refer to
the case where � = 0 as a “dc qubit.”

A periodically driven Hamiltonian admits orthonormal,
quasiperiodic solutions called Floquet states, |ψ±(t)〉 =
e−iε±t |u±(t)〉, where ε± is called the quasienergy, and
|u±(t)〉 is the T-periodic Floquet mode for the Floquet
states (+, −) (see Appendix A for details). The quasiener-
gies and their respective Floquet modes are eigenvalues
and eigenvectors of a Hermitian operator called the Flo-
quet Hamiltonian, ĤF(t) = Ĥ(t)− i(∂/∂t). The Floquet
Hamiltonian is the effective Hamiltonian under periodic
driving. The Floquet modes may be expanded as

|u±〉 =
∑

n,α

c±
n,α |n,α〉 , (3)

where c±
n,α = (1/T)

∫ T
0 e−inωt〈α|u±〉dt are the time-

independent Floquet coefficients for the two-level sys-
tem state |α〉 ≡ {|g〉 , |e〉}. In Eq. (A4) in Appendix A, we
set the basis for the T-periodic functions (T ) as {|n〉 =
einωt}n∈Z. Furthermore, the state |n,α〉 = einωt |α〉 satisfies
the properties of a product space between T and the atomic
states of the undriven system. Changing coordinates to the
extended Hilbert space determined by the basis |n,α〉, the
Floquet Hamiltonian can be written as ĤF = Ĥ0 + Ĥdc +
Ĥac, where Ĥ0 describes the undriven qubit dynamics, Ĥdc
describes the action of the dc bias b plus the operator −i∂t,
and Ĥac describes the action of the ac drive. They are (see
Appendix B)

Ĥ0 = 1̂T ⊗
(

− wq

2
σ̂z

)
, (4)

Ĥdc =
∑

m

|m〉 〈m| ⊗
(

mω + b
2
σ̂x

)
, (5)

Ĥac = �

4

∑

n

(cos ν |n − N1〉 〈n|

+ sin ν |n − N2〉 〈n|)⊗ σ̂x + H.c., (6)

where 1̂T is the identity operator in the T space.
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B. Noise model and dephasing rate

As indicated in Fig. 1, the two-level system is weakly
coupled to a bosonic thermal environment at tempera-
ture TE. Furthermore, we assume that the undriven qubit
frequency wq is invariant to small fluctuations in the envi-
ronment; thus, the coupling to the bosonic bath is purely
transverse. This yields the interaction term

HSE =
∑

k

Vk(b̂k + b̂†
k)σ̂x, (7)

where b̂k (b̂
†
k) is the annihilation (creation) operator of an

excitation in the environment and Vk gives the system-
environment coupling strength.

In the case of a dc qubit (� = 0), the environmental cou-
pling considered here causes no pure dephasing at b = 0.
However, the effective qubit frequency can only be modu-
lated through the dc bias as E =

√
w2

q + b2, where E is the
new qubit gap under bias b. Upon applying the dc bias, the
qubit gap will acquire a sensitivity to fluctuations in b as
∂bE = b/E [24,27,28].

The dependence of the effective qubit frequency on bias
fluctuations is considerably different in Floquet qubits.
Since the Floquet states are (generally) time-dependent
superpositions of the static qubit eigenstates, the purely
transverse coupling transforms to a combination of trans-
verse and longitudinal coupling in the Floquet basis. The

wq

|ψ(t)

FIG. 1. Schematic depiction of a two-level system (repre-
sented by a Bloch sphere) driven by a bichromatic drive d(t) =
� cos(ν) cos(N1ωt)+� sin(ν) cos(N2ωt)+ b, where N1 and N2
are integers. The qubit is linearly coupled to a thermal envi-
ronment at temperature TE, leading to decoherence via 1/f and
dielectric noise channels.

instantaneous Floquet modes form an orthonormal basis
for H, so at each time t we may write

σ̂x = g+(t)ĉ+(t)+ g∗
+(t)ĉ

†
+(t)+ gφ(t)ĉφ(t), (8)

where the off-diagonal terms ĉ+(t) = |u+(t)〉 〈u−(t)| and
g+(t) = Tr{σ̂xĉ†

+(t)} describe the effective transverse cou-
pling, and the diagonal terms ĉφ(t) = |u+(t)〉 〈u+(t)| −
|u−(t)〉 〈u−(t)| and gφ(t) = 1

2 Tr{σ̂xĉφ(t)} describe the
effective longitudinal coupling, at time t. We are interested
in the long-term evolution of the Floquet modes due to the
time-dependent coupling strengths gμ(t) and fluctuations
in the environment. To simplify this analysis, it is conve-
nient to go into an interaction picture where the evolution
of the Floquet states is trivial. This can be done through the
transformation unitary

ÛI = T exp
{

i
∫ t

0
dt′ĤS(t′)

}
=
∑

σ=±
eiεσ t |uσ (0)〉 〈uσ (t)| ,

(9)

which yields

˜̂σx(t) = ÛIσ̂xÛ†
I = gφ(t)ĉφ(0)+

∑

μ=±
eμi�εtgμ(t)ĉμ(0),

(10)

where we define the notation g−(t) = g∗
+(t), ĉ−(t) =

ĉ†
+(t), and �ε = ε+ − ε− is the Floquet quasienergy

gap. Expanding the coupling strength matrix elements in
Fourier series,

gk± = ω

2π

∫ 2π/ω

0
e−ikωtTr{σ̂xĉ∓(t)}dt, (11)

gkφ = ω

4π

∫ 2π/ω

0
e−ikωtTr{σ̂xĉφ(t)}dt, (12)

the coupling operator can be expressed as

˜̂σx =
∑

μ=±,φ
k∈Z

e−ikωkμtgkμĉμ(0), (13)

where ωk± = kω ±�ε, ωkφ = kω.
Considering weak system-environment coupling and a

thermal environment, the system dynamics is given by the
Floquet master equation

d ˜̂ρq

dt
=

∑

μ=φ,±
k

|gkμ|2S(ωkμ)D[ĉμ] ˜̂ρq, (14)

where ˜̂ρq is the density matrix of the two-level sys-
tem in the interaction picture and D[Ô]ρ̂q = Ôρ̂qÔ† −
(Ô†Ôρ̂q + ρ̂qÔ†Ô)/2. The environment spectral density,
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S(ω) = ∫∞
−∞ dteiωtTrE[{ ˜̂b†

k(t)+ ˜̂bk(t)}{ ˜̂b†
k(0)+ ˜̂bk(0)} ˜̂ρE],

where ˜̂b†
k(

˜̂bk) is the environment annihilation (creation)
operator in the interaction picture, and ˜̂ρE is the environ-
ment density matrix in the interaction picture.

Following the noise model of Ref. [24], we consider two
different contributions to the environment spectral density,
S(ω) = Sf(ω)+ Sd(ω). The 1/f noise is given by Sf (ω) =
|Vf|22π/|ω|. Additionally, the thermal noise, Sd(ω) = [1 +
n(ω, TE)]Vd(ω/2π)2, where n(ω, TE) = [eω/kBTE − 1]−1,
follows the Bose-Einstein distribution.

Under these considerations, the dephasing rate approxi-
mates the form [24]

γφ ≈ 2|Vf|
√

| lnωIRτ ||g0φ| +
∑

k �=0

2|gkφ|2S(kω), (15)

where ωIR is an infrared cutoff frequency and τ is a finite
characteristic time, introduced to regularize the diver-
gence of 1/f noise spectrum at ω = 0 [39]. For numer-
ical simulations, we consider system and environmental
parameters appropriate for a fluxonium [24,39], a super-
conducting qubit design. We set Vf = 9.0 × 10−6wq, Vd =
3 × 10−6wq, and

√| lnωIRτ | = 4. To emphasize thermal
noise effects, most significant when the drive frequency
is comparable to kBT, we set wq/kBT = 1.43, typical for
low-frequency qubits [23,40,41].

Equation (14) suggests that the gkμ weights may be
interpreted as the effective time-independent transverse
and longitudinal couplings to noise at frequency kω. Of
particular significance is the weight g0φ , which quantifies
the longitudinal coupling of the Floquet states to low-
frequency noise. This weight enters the dephasing rate
through the first term on the right-hand side of Eq. (15),
which dominates the dephasing rate in the low-temperature
regime. Thus, the dephasing time of a Floquet qubit is
largely determined by g0φ , which obeys the relation [24]

∂�ε

∂b
= g0φ . (16)

The dominating term of Eq. (15) can then be re-
expressed as |∂b�ε|Vf

√| lnωIRτ | and may be understood
as quasienergy shifts due to uncontrolled fluctuations in
the parameter b (low-frequency noise). However, when
∂b�ε = 0, the dephasing rate will be entirely deter-
mined by the quasienergy sensitivity to broadband noise
[S(kω), k �= 0]. The sensitivity to ac drive amplitude
noise can be particularly significant experimentally, and
is related to the instrumentation noise floor and control
line attenuation [42]. ac amplitude noise enters Eq. (15)
through the terms S(N1ω) and S(N2ω), and the sensitivity
∂��ε through their corresponding weights gN1φ , gN2φ . In
the following, we study the effect of both dc and ac noise
on the dephasing time of a solid-state qubit.

II. DYNAMICAL SWEET AND SOUR MANIFOLDS

The regions where the dephasing time (Tφ = γ−1
φ ) is

high are known in the literature as dynamical sweet spots
[24,27,28,43]. Given that the dominating term in Eq. (15)
is proportional to |∂b�ε| (the dc noise sensitivity), Tφ will
achieve its maximal values along the level curves in the
drive parameters where ∂b�ε ≈ 0, as discussed by Huang
et al. [24]. However, as discussed in the previous section,
|∂b�ε| does not uniquely determine the dephasing rate,
making ∂b�ε → 0 a necessary but not sufficient condi-
tion for an optimal working point. Under our noise model,
we find that Tφ at or near the dynamical sweet spots is
inherently limited by the “width” of the dynamical sweet
region in the parameter b. In other words, the quality of a
dynamical sweet spot depends on how broad the region is
where ∂b�ε ≈ 0. Moreover, in these regions of low sensi-
tivity to dc noise, high-frequency noise becomes relevant
[S(kω), k �= 0] to the coherence time. The dominant con-
tributions to the dephasing rate will be at the fundamental
drive frequencies N1ω and N2ω [42], which will affect Tφ
with a distinct sensitivity to drive amplitude noise (∂��ε).
This sensitivity should be determined by the weights gN1φ

and gN2φ according to Eq. (15). We name regions with
low dc noise sensitivity but high ac noise sensitivity as
dynamical sour spots.

A. Weak-driving regime

As shown in Ref. [24], in the weak drive regime and
for b ≈ 0, we expect dynamical sweet spots near avoided
crossings, which occur around ω ≈ kwq. For a monochro-
matic Floquet qubit, setting k = 1 corresponds to near-
resonant driving, while k > 1 corresponds to off-resonant
driving. Hence, for numerical simulations, we choose a
bichromatic drive [Eq. (2)]

d(t) = �[cos ν cos
(
3wqt

)+ sin ν cos
(
wqt

)
] + b (17)

with ω = wq, N1 = 3, N2 = 1, ν ∈ [0,π/2], and b/wq ∈
[−1, 1]. In Eq. (17), ν = 0 corresponds to purely off-
resonant driving (N1 = 3), and ν = π/2 corresponds to
near-resonant driving (N2 = 1). The choice of N1 = 3 for
the fast drive was obtained from numerical optimization
of the qubit dephasing time across different N1 values.
More generally, selecting a positive odd integer for the
fast-drive frequency multiplier guarantees half-wave sym-
metry of the total drive. As a result, the drive Fourier
spectrum contains only odd harmonics of the base fre-
quency, which can suppress coupling to environmental
noise at certain frequencies, as observed in parametrically
modulated transmons [27,44]. In the following, we show
that the properties of dynamical sweet spots generated
by resonantly driven qubits (related to spin locking; see
Refs. [10–14,24]) are markedly different from those pro-
duced by fast, off-resonant drives. Furthermore, we study
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FIG. 2. On the left axis (black curves), the dc sensitivity of the
quasienergy gap, |∂b�ε|, is plotted as a function of the dc bias
b away from the static sweet spot. On the right (horizontal red
lines), the sensitivity to drive amplitude noise, |∂��ε|, is plotted
as a function of the same. Curves calculated for quasienergies
generated by a drive with parameters w = wq, N1 = 3, N2 = 1,
� = 0.1wq, and different mixing angles for each curve. The
dashed curve corresponds to a fast drive, set by ν = 0. The dotted
curve corresponds to a resonant drive, set by ν = π/2. The solid
curve corresponds to a bichromatic drive, set by ν = π/30. We
calculated |∂b�ε| from g0φ according to Eq. (16), while |∂��ε|
was calculated via finite differences.

trade-offs by leveraging the distinct properties of both
types of drives.

In Fig. 2, we plot ∂b�ε (on the left axis) as a function
of the dc bias (b) on a logarithmic scale. The horizontal
lines give the sensitivity to the ac noise, ∂��ε (on the
right axis). We extract |∂b�ε| from g0φ following Eq. (16),
while |∂��ε| is evaluated by finite-difference methods. In
the off-resonant case (ν = 0), the sensitivity to the change
in dc bias is the largest, as evidenced by higher values
of ∂b�ε away from the narrow minimum corresponding
to a dynamical sweet spot (dashed black curve). In con-
trast, the monochromatic resonant case (ν = π/2) shows

reduced dc sensitivity and a wider minimum (dotted black
curve). However, the sensitivities are reversed for ac noise:
the resonant case suffers from a large ac noise sensitivity
(dotted red line) corresponding to a dynamical sour spot,
whereas the off-resonant case has a lower ac noise sen-
sitivity (dashed red line). For monochromatic drives, this
sensitivity trade-off is unavoidable.

Bichromatic drives can avoid this trade-off by balanc-
ing the two sensitivities. We find that the bichromatic
drive exhibits lower dc sensitivity (solid black curve) while
maintaining a wider minimum and reducing ac sensitiv-
ity (solid red curve) relative to the resonant regime. As a
result, a bichromatically driven Floquet qubit demonstrates
improved robustness against quasienergy gap fluctuations
compared to both resonant and off-resonant monochro-
matic drives.

The dynamical sweet and sour spots are further explored
in Fig. 3, which shows (a) the dc sensitivity (∂b�ε), (b)
the ac sensitivity (∂��ε), and (c) the dephasing time (Tφ)
as functions of the dc bias (b) and the mixing angle (ν).
Figure 3(a) reveals three distinct dynamical sweet spot
manifolds across all mixing angles. Figure 3(b) highlights
a large dynamical sour region that spans both resonant and
bichromatic driving regimes, as indicated by the orange
area corresponding to ∂��ε � 10−1. The dephasing time
in Fig. 3(c) has qualitative behavior closely following the
dc noise sensitivity. Notably, along the dynamical sweet
manifolds where ∂b�ε → 0, ac noise sensitivity becomes
the dominant source of dephasing and sets the limit for the
optimal dephasing time. As a result, Tφ reaches an upper
bound of approximately 1.5 × 107w−1

q .
We also emphasize that the numerically implemented

noise model described following Eq. (15) accounts only
for 1/f and thermal noise. In practice, additional noise
sources, particularly instrumentation noise, have been
shown to significantly affect the decoherence rate of para-
metrically driven low-frequency qubits [40,42]. Instru-
mentation noise will significantly increase the deleterious

(a) (b) (c)

FIG. 3. Quasienergy gap sensitivities to (a) dc noise (∂b�ε), (b) ac noise (∂��ε), and (c) the resulting dephasing time (Tφ) plotted
as functions of the mixing angle ν and the dc drive strength b, with fixed parameters � = 0.1wq, ω = wq, N1 = 3, N2 = 1. The
bichromatic case ν = π/30 used in Fig. 2 lies within a narrow region of low ac sensitivity near ν ≈ 0.
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effect of the dynamical sour spots shown in Fig. 3(b). This
added impact of instrumentation noise falls outside the
scope of this work and will be addressed in future research.

B. Tφ optimization beyond the weak-driving regime

In the previous section, we set ω = wq, motivated by
a perturbative analysis showing that, when � � wq, the
minima of g0φ are expected for this choice of base fre-
quency. In this subsection, we move beyond the weak-
driving regime, taking into account the observation in
Ref. [24] that, for intermediate drive strengths where fast
high-fidelity gates may be implemented, the base driving
frequency should be detuned from wq to maximize Tφ .

We relax the weak drive assumption, and instead adopt
the assumptions that neither drive is slow compared to
the qubit gap (ω ≥ wq) and that one drive is significantly
weaker than the other (i.e., with mixing angle near 0 or
π/2). With these assumptions we can derive an approxi-
mate expression for the quasienergy gap (see Appendix C
for details):

�ε =
√
(ω −�)2 + (wqJ̃ 1,1J̃ 1,2)2. (18)

We define �2 = b2 + (wqJ̃ 0,1J̃ 0,2)
2, J̃ l,1 = Jl(� cos ν/

N1ω), and J̃ l,2 = Jl(� sin ν/N2ω), where Jl is lth-order
Bessel function of the first kind. We note that the above
expression best predicts the quasienergy in the high-
frequency regime (i.e., when ω � wq or ν ≈ 0). Although
the above expression deviates from the exact quasienergy
gap for much of our numerical sweeps, it still accurately
predicts the positions of the minima and maxima of the
gap. We exploit this property of Eq. (18) to identify opti-
mal frequencies that minimize ∂b�ε. The differential of the
gap with respect to the dc bias strength is given by

∂�ε

∂b
= b(ω/�− 1)

�ε
. (19)

Equation (19) sets ∂b�ε = g0φ as directly proportional to
b. Furthermore, the sensitivity to the bias vanishes when
ω = �. That is, when

ω ≡ ω∗ =
√

b2 + w2
qJ 2

0

(
� cos ν
N1ω∗

)
J 2

0

(
� sin ν
N2ω∗

)
. (20)

When the assumptions of weak driving and small dc bias
are satisfied, the above equation predicts vanishing dc
noise sensitivity near ω ≈ wq, consistent with the pertur-
bative analysis and our assertion that including a reso-
nant drive component maximally suppresses ∂b�ε. For
the intermediate drive strengths considered in this work,
the optimal drive frequencies obtained from Eq. (20) are
slightly detuned from the undriven qubit frequency.

In Figs. 4(a)–4(c), we analyze the dc [panel (a)] and ac
[panel (b)] noise sensitivities of the quasienergy gap as
functions of the dc bias strength (b) and mixing angle (ν).
At each point with bias b and mixing angle ν, the drive fre-
quency is set to a solutionω∗ of Eq. (20), while� = 0.4wq,
N1 = 3, and N2 = 1 are held fixed. Although the drive
strength is comparable to that in Fig. 3, this new frequency-
selection protocol yields a significantly richer landscape of
noise-insensitive regions, highlighted by the darker areas
in panels (a) and (b). ac noise sensitivity (∂��ε) still
remains pronounced in the near-resonant, drive-dominated
regime [e.g., the whiter region near ν ≈ π/2 and b ≈ 0
in Fig. 4(b)]. However, unlike Fig. 3(b) with a nonopti-
mal ω, we find regions of low ac noise sensitivity even
for regimes dominated by the near-resonant drive. More-
over, we identify bichromatic regions where both dc and ac
noise sensitivities are simultaneously small. These doubly
sweet spots, marked by pink dots in Fig. 4(c), correspond
to enhanced dephasing times Tφ exceeding the maximal
Tφ obtained in Fig. 3(c) (1.5 × 107w−1

q ). Figure 4(a) also
shows an additional sweet spot manifold ν ≈ π/12 for a
wide range of bias values (b), but this manifold remains
sensitive to ac noise.

Figures 4(a)–4(c) show sharp variations in lifetime
and noise sensitivities near the optimal operating points.
This behavior arises because Eq. (20) does not admit a
unique solution. In these regions, the solutions of Eq. (20)
become closely clustered, and the numerical optimizer
may rapidly alternate between them when selecting the
optimal frequency ω∗. To mitigate these abrupt transitions,
we repeated the numerical sweeps with the base frequency
fixed to the optimal value determined at the high-lifetime
point marked by the white star. The results of this sweep
are shown in Figs. 4(d)–4(f). Compared to Figs. 3(a)–3(c),
Figs. 4(d) and 4(e) show additional dc and ac sweet spot
manifolds, including a doubly sweet spot manifold con-
taining the chosen optimal base drive frequency. Even with
fixed ω = ω∗, tunability along the doubly sweet spot man-
ifold is preserved. We also note that Fig. 4(e) shows a
broader region of ac insensitivity than either Fig. 4(b) or
Fig. 3(b).

C. Fast-driving regime: GVV perturbation theory

In the preceding subsections, we examined the dephas-
ing time under weak and beyond-weak driving conditions,
focusing on near-resonant regimes. In this subsection, we
extend our analysis to the fast-driving regime (ω � wq),
where we explore both the quasienergy gap and the result-
ing dephasing time. In this regime, neither drive is resonant
with the qubit gap wq, and the strong sensitivity to ac noise
observed in previous sections is negligible. Therefore, we
constrain our analysis to the dc noise sensitivity ∂b�ε.
Building on our earlier results, we leverage the structure
of the quasienergy gap to identify parameter regimes with

014076-6



DYNAMICAL SWEET AND SOUR REGIONS. . . PHYS. REV. APPLIED 25, 014076 (2026)

(a) (b) (c)

(d) (e) (f)

FIG. 4. Quasienergy gap sensitivities to (a),(d) dc noise (∂b�ε), (b),(e) ac noise (∂��ε), and (c),(f) the resulting dephasing time
(Tφ) plotted as functions of the mixing angle ν and the dc drive strength b, with fixed parameters � = 0.4wq, N1 = 3, N2 = 1. For
(a)–(c), the base drive frequency ω is set for each (b, ν) to a solution of Eq. (20), where the dc noise sensitivity is predicted to be
minimal. For (d)–(f), the base drive frequency is fixed to a single optimal ω∗ = 0.89wq calculated for the white stars in (a)–(c). The
point indicated by the white star was chosen in a doubly sweet region with low dc and ac noise sensitivities.

high dephasing time. In particular, we analyze scenarios
where the Floquet states become nearly degenerate, specif-
ically when b ≈ kω [45], where k = mN1 + lN2. We define
δ through b = kω + δ, with 0 < |δ| � 1. The rotating-
wave-approximation (RWA) quasienergy gap takes the
form

�εRWA =
√
δ2 + (wqJ̃ −m,1J̃ −l,2)2, (21)

obtained from the effective 2 × 2 Hamiltonian [extracted
from the Floquet Hamiltonian in Eq. (C24) in Appendix C]

HRWA =

⎛

⎜⎝
−b

2
−wq

2
J̃ −m,1J̃ −l,2

−wq

2
J̃ −m,1J̃ −l,2

b
2

− mN1ω − lN2ω

⎞

⎟⎠ , (22)

obtained in the RWA, with J̃ l,1 and J̃ l,2 as defined below
Eq. (18).

To calculate the ac Stark shift correction (χ) to the RWA
quasienergy gap, we apply the GVV nearly degenerate per-
turbation theory [45], accounting for the influence of levels
beyond those selected by the degeneracy condition. We
employ the GVV method, considering higher-order pertur-
bations in wq/ω, in contrast to the RWA, where only the
zeroth-order perturbative effect is considered. The effective

2 × 2 GVV Hamiltonian includes the ac Stark shift χ :

HGVV =

⎛

⎜⎝
−b

2
+ χ −wq

2
J̃ −m,1J̃ −l,2

−wq

2
J̃ −m,1J̃ −l,2

b
2

− mN1ω − lN2ω − χ

⎞

⎟⎠

(23)

with the quasienergy gap given by the relation

�εGVV =
√
�ε2

RWA + 4χδ + 4χ2. (24)

Using the GVV method, we obtain the following expres-
sion for the ac Stark shift up to the leading order (see
Appendix C 1):

χ =
∞∑

j ,p=−∞
j ,p �=−m,−l

−(J̃ j ,1J̃ p ,2)
2

4(b + jN1ω + pN2ω)
w2

q + O
(

wq

ω

)3

.

(25)

Using Eq. (24), the dc bias sensitivity is given by

∂�εGVV

∂b
= 1
�εGVV

(δ + 2χ)
(

1 + 2
∂χ

∂b

)
. (26)
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We find that in the fast-driving regime (ω/wq � 1),
∂bχ � 1. Hence, Eq. (26) reduces to

∂�εGVV

∂b
≈ 1
�εGVV

(δ + 2χ). (27)

Figure 5(a) shows the dependence of the quasienergy
gap on one of the drive amplitudes �1 ≡ � cos ν, keep-
ing the other drive amplitude fixed and weak compared
to ω, �2 ≡ � sin ν = 0.1ω. We compare the quasienergy
gaps obtained from the RWA (solid horizontal purple
line) and the GVV (dashed blue curve) Hamiltonians to
the exact values calculated numerically (solid red curve).
The GVV result, which incorporates the ac Stark shift χ ,
shows markedly better agreement with numerical simu-
lations than the RWA, with disagreement when �1 ≤ ω.
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FIG. 5. (a) On the left axis, the Floquet quasienergy gap, plot-
ted as a function �1 = � cos(ν) with �2 = � sin(ν), is held
constant. We compare the exact numerical results (solid red line)
with the RWA (solid purple) and GVV (dashed blue) calcula-
tions. On the right axis, the dephasing time for the same system
is shown. Numbered stars correspond to local maxima of Tφ .
(b) The dephasing time Tφ plotted as a function of δ at each local
maximum indicated in (a). Parameters: N1 = 3, N2 = 1, m = 1,
l = −2, �2 = wq, and ω = 10wq. The bias b is set by the nearly
degenerate condition and δ. In (a) δ = 0.01wq.

For fixed δ > 0, the dc noise sensitivity is primarily deter-
mined by the magnitude of the quasienergy gap and the
ac Stark shift χ [see Eq. (27)]; a larger quasienergy gap
or ac Stark shift (since χ < 0) leads to lower noise sensi-
tivity. The ac Stark shift follows the minima and maxima
of the quasienergy gap. Consequently, the dephasing time
(dotted black curve) reaches its minima and maxima (indi-
cated by stars) at the corresponding minima and maxima
of the quasienergy gap, respectively.

To further analyze these maxima, in Fig. 5(b), we plot
the dephasing times, using colors corresponding to each
star in Fig. 5(a), as a function of δ−1. We note from Eq. (27)
that the dc noise sensitivity can be minimized by making
δ comparable to 2χ . For large δ (small δ−1), the afore-
mentioned compensation results in a monotonous increase
of the dephasing time as a function of δ−1. However, as
δ → 0 (large δ−1), the dephasing time saturates as both the
quasienergy gap and the ac Stark shift become independent
of δ and take a constant value.

III. CONCLUSION AND OUTLOOK

Our work establishes bichromatic driving as a pow-
erful strategy to engineer dynamical sweet manifolds in
solid-state driven qubits, achieving high dephasing time
while maintaining tunability. By combining near-resonant
and off-resonant drives, we suppress sensitivity to low-
frequency (e.g., 1/f ) noise by redirecting the dominant
sources of decoherence to frequency regions where envi-
ronmental noise is minimal. Crucially, we identify not only
high-coherence “sweet spots” but also “sour spots,” where
the quasienergy gap is especially sensitive to noise at the
drive frequency. These sour spots become prominent when
one of the drives is nearly resonant with the qubit’s dc
gap; however, introducing a nearly resonant drive can also
broaden the dynamical sweet region. Hence, the interplay
of sweet- and sour-spot dynamics provides a framework to
balance tunability and dephasing time, which is critical for
single- and multiqubit operations.

Central to our work is the derivation of analytic expres-
sions for the sensitivity of the Floquet quasienergy gap
to external drives in the intermediate-strength- and fast-
driving regimes. We employed the derived analytic expres-
sions to connect the drive parameters to the dephas-
ing time, explaining the emergence of dynamical sweet
and sour spots. The analytic expressions were further
employed to find optimal drive frequencies, giving a long
dephasing time.

Future work will investigate the application of bichro-
matic Floquet engineering for single- and multiqubit gate
operations. We would also like to study the application
of Floquet engineering in multiqubit architectures, sup-
pressing crosstalk while preserving tunable interactions.
It would also be important to investigate how instrumen-
tation noise affects the structure and effectiveness of the
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dynamical sweet and sour manifolds in low-frequency
qubits. Experimental validation of our results in circuit
QED platforms will bridge theory and device-specific
noise landscapes to advance decoherence mitigation in
parametrically driven solid-state quantum architectures.
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APPENDIX A: QUANTUM FLOQUET THEORY

We consider a time-dependent, periodic Hamiltonian
with period T. The corresponding Schrödinger equation
(setting � = 1),

i
∂

∂t
|ψ〉 = Ĥ(t) |ψ〉 , (A1)

does not admit any stationary eigenstates. It does, how-
ever, admit orthonormal, quasistationary solutions called
Floquet states,

|ψ±(t)〉 = e−iε±t |u±(t)〉 , (A2)

where ε± are quasienergies, and |u±(t)〉 are T-periodic
Floquet modes. Note that the quasienergies are defined
only up to additive factors of ω = 2π/T, such that ε± ≡
ε± + kω for any integer k. The quasienergies and their
respective Floquet modes are eigenvalues and eigenvectors
of a Hermitian operator called the Floquet Hamiltonian:

ĤF(t) = Ĥ(t)− i
∂

∂t
. (A3)

The problem of finding the time-dependent dynamics may
thus be recast as an eigenvalue problem for a time-
dependent operator. We may further reduce the problem
to a time-independent eigenvalue problem by exploiting
the periodicity of the Floquet modes. The modes may be

expanded as

|u±〉 =
∑

n,α

c±
n,αeinωt |α〉 , (A4)

where cαn,± = (1/T)
∫ T

0 e−inωt〈α|u±〉dt are the time-
independent Floquet coefficients. The set of products
einωt |α〉 satisfies the properties of a product space T ⊗ H
between the space of T-periodic functions T and atomic
states of the undriven system H. Setting the basis for T as
{|n〉 = einωt}n∈Z, we may write the Floquet modes as

|u±〉 =
∑

n,α

c±
n,α |n,α〉 . (A5)

For notational clarity, we use Greek indices to rep-
resent the Floquet modes or atomic states, while Latin
indices are used for T-periodic functions. When written
in these coordinates, called the extended Hilbert space,
the Floquet Hamiltonian takes the form of an infinite-
dimensional time-independent operator with components
〈n,α| ĤF |m,β〉, eigenvalues εk

±, and eigenvectors
∣∣uk

±
〉
.

The extended Hilbert space eigenvalue-vector pairs corre-
spond to the quasienergies and modes in Eq. (A2) shifted
in energy and frequency by kω:

εk
± = ε±−kω, (A6)

∣∣uk
±
〉 =

∑

n,α

c±
n,α |n − 1,α〉 . (A7)

The physically observable modes and quasienergies cor-
respond to the equivalence classes over every k of these
eigenvalues and eigenvectors. When we require a numeri-
cal result, we pick k = 0, but we remark that all physically
measurable quantities we report are invariant to the choice
of k.

In this appendix, we utilized Shirley’s Floquet theory
[46] to define the Floquet quasienergies and modes, a
framework well suited for computational analysis due to
its ability to directly extend the monochromatic framework
to bichromatic driving without introducing significant
complexity. However, for deriving the analytic expres-
sions governing the quasienergy gap (see Appendix C)
and for probing the multiphoton resonance regime (see
Appendix C 1), we adopt multimode Floquet theory [47],
which is more suited for analytic calculations.

APPENDIX B: FLOQUET HAMILTONIAN

In this appendix, we calculate the right-hand side of
Eq. (3) using Hamiltonian (8) from the main text. We
choose our basis |m,α〉 = eimωt |α〉, and define 〈k,β| as the
linear functional that acts on |m,α〉 such that
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〈k,β|m,α〉 = 〈β|α〉
∫ T

0
dt e−ikωteimωt. (B1)

The action of −i∂t on |m,α〉 and Ĥ(t) is given, respectively, by

−i
∂

∂t
eimωt |α〉 = mωeimωt |α〉 = mω |m,α〉 (B2)

and

Ĥ(t) |m,α〉 = −wq

2
eimωtσ̂z |α〉 + d(t)

2
eimwtσ̂x |α〉 . (B3)

Considering the drive to be combinations of complex exponentials,

d(t) = �

2
[cos ν(eiN1ωt + e−iN1ωt)+ sin ν(eiN2ωt + e−iN2ωt)] + b, (B4)

we obtain

d(t)eimwt = �

2
[cos ν(ei(m+N1)ωt + ei(m−N1)ωt)+ sin ν(ei(m+N2)ωt + ei(m−N2)ωt)] + eimωtb

= �

2
[cos ν

( |m + N1〉 + |m − N1〉
)+ sin ν

( |m + N2〉 + |m − N2〉
)
] + b |m〉 . (B5)

Thus, the action of the time-dependent Hamiltonian on a basis state is given by

Ĥ(t) |m,α〉 = −wq

2
|m〉 ⊗ σ̂z |α〉 + b

2
|m〉 ⊗ σ̂x |α〉

+ �

4
[cos ν(|m + N1〉 + |m − N1〉)+ sin ν(|m + N2〉 + |m − N2〉)] ⊗ σ̂x |α〉 . (B6)

Note that the time dependence of the Hamiltonian has been incorporated into the basis vectors, leaving all coefficients
time independent. Hence, the Floquet Hamiltonian in the |m,α〉 basis can be expressed as

Ĥ(t)− i
∂

∂t
=
∑

m

|m〉 〈m| ⊗
(

− wq

2
σ̂z + b

2
σ̂x + mω

)
+ �

4
[cos ν(|m + N1〉 〈m| + |m − N1〉 〈m|)

+ sin ν(|m + N2〉 〈m| + |m − N2〉 〈m|)] ⊗ σ̂x. (B7)

The Floquet Hamiltonian in Eq. (B7) separates into the terms Ĥ0, Ĥdc, Ĥac defined in Eqs. (4)–(6), respectively. The
Hamiltonian Ĥ0 + Ĥdc is easily diagonalized with eigenvalues (λm

±) and eigenvectors (|m, ±〉), where

λm
± = mω ± 1

2E , (B8)

|m, +〉 = cos θ |m, g〉 + sin θ |m, e〉 , (B9)

|m, −〉 = sin θ |m, g〉 − cos θ |m, e〉 . (B10)

Here, g, e enumerate the σ̂x eigenstates, θ = 1
2 tan−1(b/wq), and E =

√
w2

q + b2 is the transition frequency of the undriven

qubit. In this new basis, the Ĥ0 + Ĥdc, σ̂x, and σ̂z operators reduce to

Ĥ0 + Ĥdc =
∑

m

|m〉 〈m| ⊗ [
mω + 1

2E
( |+〉 〈+| − |−〉 〈−| )],

σ̂z =
[

cos 2θ sin 2θ
sin 2θ − cos 2θ

]
, and σ̂x =

[
sin 2θ − cos 2θ

− cos 2θ − sin 2θ

]
.

(B11)
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APPENDIX C: QUASIENERGY GAP

In this appendix, we use multimode Floquet theory to calculate an analytic expression for the quasienergy gap. Mul-
timode Floquet theory exploits the presence of two periodic drives of commensurate frequencies to expand the Floquet
modes in terms of two periodic functions as

|uσ (t)〉 =
∑

m,l
α=±

cσ ,α
ml

∣∣uml
α

〉
, (C1)

where σ = {+, −} and
∣∣uml
α

〉 = eimN1ωteilN2ωt |α〉. Unlike in Shirley’s formulation of Floquet theory, in multimode Floquet
theory we treat the product eimN1ωteilN2ωt as a vector in a product space T1 ⊗ T2 of periodic functions with periods 2π/N1ω

and 2π/N2ω, respectively. This defines

|m, l〉 = eimN1ωteilN2ωt = |m〉 ⊗ |l〉 , (C2)

and thus
∣∣uml
α

〉 = |m〉 ⊗ |l〉 ⊗ |α〉 is a triple Kronecker product. Following Ref. [45], we rotate the Hamiltonian Ĥ(t) =
−wq/2σ̂z + d(t)/2σ̂x by a π/2 rotation around the y axis, such that

Hq = −wq

2
σ̂x − d(t)

2
σ̂z. (C3)

Using multimode Floquet theory, the eigenequation for the Floquet Hamiltonian can be written as

(
− wq

2
σ̂x − b

2
σ̂z + mN1ω + lN2ω

) ∣∣uml
σ

〉− �

4
cos νσ̂z(|u(m−1)l

σ 〉 + |u(m+1)l
σ 〉)

− �

4
sin νσ̂z(|um(l−1)

σ 〉 + |um(l+1)
σ 〉) = εσ |uml

σ 〉. (C4)

Hence, the Floquet Hamiltonian matrix in the basis T1 ⊗ T2 would be given by

ĤF =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .

M−1,−1 R 0 · · · D 0 0 · · · 0 0 0
R M−1,0 R · · · 0 D 0 · · · 0 0 0
0 R M−1,+1 · · · 0 0 D · · · 0 0 0
...

...
...

. . .
...

...
...

. . .
...

...
...

D 0 0 · · · M0,−1 R 0 · · · D 0 0
0 D 0 · · · R M0,0 R · · · 0 D 0
0 0 D · · · 0 R M0,+1 · · · 0 0 D
...

...
...

. . .
...

...
...

. . .
...

...
...

0 0 0 · · · D 0 0 · · · M+1,−1 R 0
0 0 0 · · · 0 D 0 · · · R M+1,0 R
0 0 0 · · · 0 0 D · · · 0 R M+1,+1

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (C5)

where

Mml =
[
− b

2 + mN1ω + lN2ω −wq
2

−wq
2

b
2 + mN1ω + lN2ω

]
(C6)
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and

D =
[−�

4 cos ν 0
0 �

4 cos ν

]
, R =

[−�
4 sin ν 0

0 �
4 sin ν

]
. (C7)

Taking the energy gap −wq as the perturbation parameter, we divide the Floquet matrix into two parts: an unperturbed
part H0,F and a perturbed part (−wq/2)V′,

HF = H0,F + (−wq)

2
V′. (C8)

The unperturbed part of the Floquet matrix can thus be written as

H0,F =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .

− b
2 − N�ω 0 −�

4 sin ν 0 0 0 · · · −�
4 cos ν 0 0 0

0 b
2 − N�ω 0 �

4 sin ν 0 0 · · · 0 �
4 cos ν 0 0

−�
4 sin ν 0 − b

2 − N1ω 0 −�
4 sin ν 0 · · · 0 0 −�

4 cos ν 0

0 �
4 sin ν 0 b

2 − N1ω 0 �
4 sin ν · · · 0 0 0 �

4 cos ν

0 0 −�
4 sin ν 0 − b

2 − N�ω 0 · · · 0 0 0 0

0 0 0 �
4 sin ν 0 b

2 − N�ω · · · 0 0 0 0
...

...
...

. . .
...

...
...

. . .
...

...
...

−�
4 cos ν 0 0 0 0 0 · · · − b

2 − N2ω 0 −�
4 sin ν 0

0 �
4 cos ν 0 0 0 0 · · · 0 b

2 − N2ω 0 �
4 sin ν

0 0 −�
4 cos ν 0 0 0 · · · −�

4 sin ν 0 − b
2 0

0 0 0 �
4 cos ν 0 0 · · · 0 �

4 sin ν 0 b
2

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(C9)

where N�/� = N1 ± N2. The perturbed part, on the other hand, is given by

V′ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .
0 1 0 0 0 0 · · · 0 0 0 0
1 0 0 0 0 0 · · · 0 0 0 0
0 0 0 1 0 0 · · · 0 0 0 0
0 0 1 0 0 0 · · · 0 0 0 0
0 0 0 0 0 1 · · · 0 0 0 0
0 0 0 0 1 0 · · · 0 0 0 0
...

...
...

. . .
...

...
...

. . .
...

...
...

0 0 0 0 0 0 · · · 0 1 0 0
0 0 0 0 0 0 · · · 1 0 0 0
0 0 0 0 0 0 · · · 0 0 0 1
0 0 0 0 0 0 · · · 0 0 1 0

. . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C10)

The eigenvalues and eigenvectors of matrix H0,F can be solved in terms of Bessel functions Jk(∓� cos ν/2N1ω) and
Jk(∓� sin ν/2N2ω) [45,48]. The appropriate transformation of the basis can be obtained by considering the eigenvalue
problem

(
H(t)− i

∂

∂t

)
φ(t) = λφ(t), (C11)
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where H(t) = −b/2 + (�/2) cos ν cos N1ωt + (�/2) sin ν cos N2ωt. The eigenvector for the trivial solution λ = −b/2
would be

φ(t) = exp
[
−i
(
� cos ν
2N1ω

sin N1ωt + � sin ν
2N2ω

sin N2ωt
)]

=
+∞∑

k1,k2=−∞
Jk1

(
− � cos ν

2N1ω

)
Jk2

(
− � sin ν

2N2ω

)
ei(k1N1+k2N2)ωt.

(C12)

Similarly, for the choice of H(t) = b/2 + (�/2) cos ν cos N1ωt + (�/2) sin ν cos N2ωt and λ = b/2, we have the solution

φ(t) = exp
[

i
(
� cos ν
2N1ω

sin N1ωt + � sin ν
2N2ω

sin N2ωt
)]

=
+∞∑

k1=−∞

+∞∑

k2=−∞
Jk1

(
� cos ν
2N1ω

)
Jk2

(
� sin ν
2N2ω

)
ei(k1N1+k2N2)ωt.

(C13)

Now the eigenvectors for the solutions λ = ∓b/2 + mN1ω + lN2ω are given by

φml(t) =
+∞∑

k1=−∞

+∞∑

k2=−∞
Jk1−m

(
∓� cos ν

2N1ω

)
Jk2−l

(
∓� sin ν

2N2ω

)
ei(k1N1+k2N2)ωt. (C14)

To make our analysis of the Floquet matrix HF convenient, we can enforce a change of basis of H0,F. The new basis in
which H0,F is diagonal is related to the existing one as

∣∣φml
±
〉 =

+∞∑

k1=−∞

+∞∑

k2=−∞
Jk1−m

(
∓� cos ν

2N1ω

)
Jk1−l

(
∓� sin ν

2N2ω

)
|uk1k2± 〉. (C15)

The next step is to write the Floquet matrix HF in the changed basis. We can do this because the difference between HF
and H0,F is just a perturbative term. First, we calculate the off-diagonal elements of this new matrix. We start this exercise
by making the observation that

〈
uml

±
∣∣HF|ujk

∓〉 = −wq

2
δmj δlk. (C16)

Using Eqs. (C15) and (C16), and the identities

Jk(−x) = J−k(x) and
+∞∑

k=−∞
Jn+k(x)Jn−k(x) = Jn(2x), (C17)

we obtain

〈
φml

∓
∣∣HF |φjk

±〉 = −wq

2
J±(j −m)

(
� cos ν

N1ω

)
J±(k−l)

(
� sin ν

N2ω

)
. (C18)

Similarly, the diagonal entries of the new matrix can be obtained by using the fact

〈
uml

±
∣∣HF |ujk

±〉 =
(

∓b
2

+ mN1ω + lN2ω

)
δmj δlk ∓ �

4
sin ν(δmj δl,k+1 + δmj δl,k−1)∓ �

4
cos ν(δm,j +1δlk + δm,j −1δlk) (C19)

and the identities

Jk−1(x)+ Jk+1(x) = 2k
x

Jk(x),
∑

k

Jk(x)+ Jk−n(x) =
∑

k

Jk(x)+ Jn−k(−x) = Jn(0) = δn0. (C20)
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Therefore,

〈
φml

±
∣∣HF |φjk

±〉 =
(

∓b
2

+ mN1ω + lN2ω

)
δmj δlk. (C21)

Equations (C18) and (C21) jointly give the Floquet matrix in the new basis.
We define

D0,0
m,l =

[〈
φml

+
∣∣HF

∣∣φml
+
〉 〈

φml
+
∣∣HF

∣∣φml
−
〉

〈
φml

−
∣∣HF

∣∣φml
+
〉 〈

φml
−
∣∣HF

∣∣φml
−
〉
]

=
⎡

⎣
− b

2 + mN1ω + lN2ω −wq
2 J0

(
� cos ν

N1ω

)
J0

(
� sin ν
N2ω

)

−wq
2 J0

(
� cos ν

N1ω

)
J0

(
� sin ν
N2ω

)
b
2 + mN1ω + lN2ω

⎤

⎦ , (C22)

and, for κl, κm �= 0,

Dκm,κl
m,l =

[
0

〈
φml

+
∣∣HF |φm+κm l+κl− 〉

〈
φml

−
∣∣HF |φm+κm l+κl+ 〉 0

]
.

(C23)

In the new basis, the Floquet Hamiltonian HF can be
rewritten as

H̃F =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . . ...

H̃ (m−1,0)
F H̃ (m−1,1)

F H̃ (m−1,2)
F

H̃ (m,−1)
F H̃ (m,0)

F H̃ (m,1)
F

H̃ (m+1,−2)
F H̃ (m+1,−1)

F H̃ (m+1,0)
F

... . . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(C24)

where

H̃ (m,κm)
F =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . . ...

Dκm,0
m,l−1 Dκm,1

m,l−1 Dκm,2
m,l−1

[Dκm,−1
m,l ]† Dκm,0

m,l Dκm,1
m,l

[Dκm,−2
m,l+1 ]† [Dκm,−1

m,l+1 ]† Dκm,0
m,l+1

... . . .

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(C25)

We can break the above Hamiltonian into diagonal and
off-diagonal elements and consider all the off-diagonal
elements as perturbation. However, there are many off-
diagonal elements, and they will compete against each
other. We first try to separate the most significant off-
diagonal terms under different approximations and cancel
those with negligible contributions. Let us start with the

Hamiltonian with only one off-diagonal element:

H̃ (0)
F =

⎡

⎢⎢⎢⎢⎢⎢⎣

. . . ...
H̃ (m−1,0)

F ,0 0 0
0 H̃ (m,0)

F ,0 0
0 0 H̃ (m+1,0)

F ,0
... . . .

⎤

⎥⎥⎥⎥⎥⎥⎦
.

(C26)

Here

H̃ (m,0)
F ,0 =

⎡

⎢⎢⎢⎢⎢⎢⎣

. . . ...
D0,0

m,l−1 0 0
0 D0,0

m,l 0
0 0 D0,0

m,l+1
... . . .

⎤

⎥⎥⎥⎥⎥⎥⎦
(C27)

with D0,0
m,l given by Eq. (C22).

Hamiltonian H̃ (0)
F is a good approximation in the

very-strong-driving regime, where � � ω. In the strong-
driving regime, the two quasienergies will be separated by
(wq/2)J0(� cos ν/N1ω)J0(� sin ν/N2ω), which is the only
off-diagonal element present in the Hamiltonian. However,
when one of the drives becomes weaker, the higher-order
k > 0 Bessel function becomes larger, and the contribu-
tion from other off-diagonal elements cannot be neglected.
Next, we study the quasienergies when one of the drives
is strong whereas the other is weak, i.e., ν � π/4. With-
out loss of generality, we choose m = l = 0. Following
Ref. [48], the Floquet Hamiltonian takes the form

H̃ (1)
F =

[
H̃ (−1,0)

F H̃ (−1,1)
F

H̃ (0,−1)
F H̃ (0,0)

F

]
, (C28)
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where only m, l = 0 or −1 contributions survive at resonance and all other contributions can be neglected. Furthermore,
we have

H̃ (m,κm)
F =

[
Dκm,0

m,−1 Dκm,1
m,−1

[Dκm,−1
m,0 ]† Dκm,0

m,0

]
. (C29)

Expanding the Floquet matrix, and using the notation J̃ k,1 = Jk(� cos ν/N1ω) and J̃ k,2 = Jk(� sin ν/N2ω), we obtain

H̃ (1)
F =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

− b
2 − (N1 + N2)ω − wq

2 J̃ 0,1J̃ 0,2 0 0 0 wq
2 J̃ 1,1J̃ 0,2 0 wq

2 J̃ 1,1J̃ 1,2

− wq
2 J̃ 0,1J̃ 0,2

b
2 − (N1 + N2)ω 0 0 − wq

2 J̃ 1,1J̃ 0,2 0 wq
2 J̃ 1,1J̃ 1,2 0

0 0 − b
2 − N1ω − wq

2 J̃ 0,1J̃ 0,2 0 wq
2 J̃ 1,1J̃ 1,2 0 wq

2 J̃ 1,1J̃ 0,2

0 0 − wq
2 J̃ 0,1J̃ 0,2

b
2 − N1ω

wq
2 J̃ 1,1J̃ 1,2 0 − wq

2 J̃ 1,1J̃ 0,2 0

0 − wq
2 J̃ 1,1J̃ 0,2 0 wq

2 J̃ 1,1J̃ 1,2 − b
2 − N2ω − wq

2 J̃ 0,1J̃ 0,2 0 0
wq
2 J̃ 1,1J̃ 0,2 0 wq

2 J̃ 1,1J̃ 1,2 0 − wq
2 J̃ 0,1J̃ 0,2

b
2 − N2ω 0 0

0 wq
2 J̃ 1,1J̃ 1,2 0 − wq

2 J̃ 1,1J̃ 0,2 0 0 − b
2 − wq

2 J̃ 0,1J̃ 0,2
wq
2 J̃ 1,1J̃ 1,2 0 wq

2 J̃ 1,1J̃ 0,2 0 0 0 − wq
2 J̃ 0,1J̃ 0,2

b
2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C30)

In the fast-driving regime (ω ≈ wq), the quasienergies are given by the Hamiltonian

H̃ (1)
F =

⎡

⎢⎢⎣

− b
2 − (N1 + N2)ω −wq

2 J̃ 0,1J̃ 0,2 0 wq
2 J̃ 1,1J̃ 1,2

−wq
2 J̃ 0,1J̃ 0,2

b
2 − (N1 + N2)ω

wq
2 J̃ 1,1J̃ 1,2 0

0 wq
2 J̃ 1,1J̃ 1,2 − b

2 − N2ω −wq
2 J̃ 0,1J̃ 0,2

wq
2 J̃ 1,1J̃ 1,2 0 −wq

2 J̃ 0,1J̃ 1,2
b
2 − N2ω

⎤

⎥⎥⎦ . (C31)

Substituting (N1 + N2)ω → ω, we obtain the Floquet
quasienergy gap

�ε = ω − {�2 + ω2 + w2
qJ̃ 2

1,1J̃ 2
1,2 − 2�ω}1/2, (C32)

where we have defined �2 = b2 + w2
qJ̃ 2

0,1J̃ 2
0,2. The above

expression for the quasienergy gap agrees well with
numerical results in the fast-driving regime, particularly
when one drive is much weaker than the other (ν � π/4).
Notably, qualitative agreement persists even beyond this
regime.

1. Multiphoton resonance: ac Stark shift and power
broadening

Using Eq. (C24), the GVV Hamiltonian for the degen-
eracy condition −b/2 ≈ b/2 − mN1ω − lN2ω is given
by [45]

HGVV

=
( −b/2 + χ −(wq/2)J̃ −m,1J̃ −l,2

−(wq/2)J̃ −m,1J̃ −l,2 b/2 − mN1ω − lN2ω − χ

)
.

(C33)

To calculate the level shifts χ corresponding to the tran-
sition

∣∣φ+
00

〉
to |φ−

−m,−l〉, we apply the nearly degenerate

GVV perturbation method [45]. The 2 × 2 matrix H and
its eigenstates φ can be expanded in powers of −wq/2 as

H =
∞∑

k=0

(−wq/2)kH(k) and φ =
∞∑

k=0

(−wq/2)kφ(k).

(C34)

Assuming that the states
∣∣φ+

00

〉
to |φ−

−m,−l〉 are nearly
degenerate, we have −b/2 ≈ b/2 − mN1ω − lN2ω. Let
the zeroth-order state

∣∣φ(0)
〉 = {φ(0)+ ,φ(0)− }, such that φ(0)+ =∣∣φ00

+
〉

and φ(0)− = |φ−m,−l
− 〉. The zeroth-order correction in

H is then given by

H(0) =
(−b/2 0

0 b/2 − mN1ω − lN2ω

)
. (C35)

Now calculating the first-order terms in the expansion of
H using the GVV method [45,49], we have

H(1) = 〈φ(0)|V′|φ(0)〉 = J̃ −m,1J̃ −l,2

(
0 1
1 0

)
. (C36)

Further using the techniques in Ref. [45,49], we obtain

φ
(1)
+ =

+∞∑

j ,k=−∞
j ,k �=−m,−l

−J̃ j ,1J̃ k,2

(b + jN1ω + kN2ω)
|φ−

jk 〉, (C37)

014076-15



DOMINIC BRISEÑO-COLUNGA et al. PHYS. REV. APPLIED 25, 014076 (2026)

φ
(1)
− =

+∞∑

j ,k=−∞
j ,k �=−m,−l

J̃ j ,1J̃ k,2

(b + jN1ω + kN2ω)
|φ+

−j −m,−k−l〉, (C38)

which we can use to compute the next-order corrections in
H given by

H(2) = 〈φ(0)|V′|φ(1)〉 − H(1)〈φ(0)|φ(1)〉

=
+∞∑

j ,k=−∞
j ,k �=−m,−l

J̃ 2
j ,1J̃ 2

k,2

(b + jN1ω + kN2ω)

(−1 0
0 1

)
. (C39)

Now comparing the matrix structures in Eqs. (C36)
and (C39) with Eq. (C33), we see that χ can be related
to the odd powers of wq/ω,

χ = −w2
q

4

+∞∑

j ,k=−∞
j ,k �=−m,−l

(J̃ j ,1)
2(J̃ k,2)

2

(b + jN1ω + kN2ω)
+ O

(
wq

ω

)3

.

(C40)
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